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ABSTRACT

Many military systems must be capable of sustained
operation in the face of mechanical shocks due to projectile or
other impacts. The most widely used method of quantifying a
system’s vibratory transient response to shock loading is called
the shock response spectrum (SRS). The system response for
which the SRS is to be determined can be due, physically,
either to a collocated or to a noncollocated shock loading.
Taking into account both possibilities, one can define the SRS
as follows: the SRS presents graphically the maximum transient
response (output) of an imaginary ideal mass-spring-damper
system at one point on a flexible structure, to a particular
mechanical shock (input) applied to an arbitrary (perhaps
noncollocated) point on the structure, as a function of the
natural frequency of the imaginary mass-spring-damper system.
For a response point sufficiently distant from the impact area,
many Army platforms (such as vehicles) can be accurately
treated as linear systems with proportional damping. In such
cases the output due to an impulsive mechanical-shock input
can be decomposed into exponentially decaying sinusoidal
components, using normal-mode orthogonalization. Given a
shock-induced loading comprising such components, this paper
provides analytical expressions for the various common SRS
forms. The analytical approach to SRS-determination can serve
as a verification of, or an alternative to, the numerical
approaches in current use for such systems. No numerical
convolution is required, because the convolution integrals have
already been accomplished analytically (and exactly), with the
results incorporated into the algebraic expressions for the
respective SRS forms.

INTRODUCTION

Modern warfare calls for many military systems to be
capable of sustained operation under extreme environmental
conditions. The mechanical shocks from such sources as blast-
waves and projectile impacts, and even vehicular motion over
rough terrain, make high demands on military equipment. For

Ting H. Li
Ordnance Materials Branch
Weapons & Materials Research Directorate
U. S. Army Research Laboratory
Adelphi, MD 20783

design and analysis purposes, the vibratory, transient response
of systems (or of system models) subject to mechanical shock
is typically captured using two frequency-dependent
(“spectral”) tools [1, 2]: (1) the Fourier spectrum; and (2) the
shock response spectrum (SRS).

A two-dimensional SRS [1] (typically termed simply an
SRS) represents graphically the frequency content of a
specified shock input d(t) in terms of the maximum response

x(¢) it would induce in a hypothetical, single-degree-of-

freedom (SDOF) mass-spring-damper (MSD) system,
seismically subjected to the shock. (Refer to Figure 1.) The
SRS plots a selected kinematic measure of the maximum time-
domain motion-response (of mass m) against the SDOF-
system natural frequency, with the frequency varied over some

k

m

.
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Figure 1. Hypothetical SDOF MSD system,
for SRS determination

range of interest. In producing the plot, both the shock input
and the SDOF-system damping ratio are held constant across
the entire range of natural frequencies. The shock input is
typically a position input [d(t) in Figurel]. Some useful
measures of the response include (1) relative displacement,
x(¢)-d(t); (2) “pseudovelocity,” mn[x(t)—d(t)]; and (3)
absolute acceleration, (). As used in this report, the

respective SRS’s are designated and defined as follows [2]:



Spectral displacement (or relative-displacement SRS):

Spo0,) = xle)-d(e) . ()
Spectral velocity (or pseudovelocity SRS) [3, 4]:
SV(con):: con|x(t) —d(t)max =w,S D(con). 2)
Spectral acceleration (or absolute acceleration SRS):
Sylo,)=50)__ - 3)

Consider now the case of a mechanical shock c(t) applied
to an arbitrary point C of a generic system S. (Refer to Figure
2.) If a nonlinear finite-element model exists for S, the induced
displacement d (t) at some other point D on S can typically be
determined numerically, and then used to calculate (again,
numerically) the indicated spectral quantities at D. In general,
though, analytical evaluation of S, S, or S, is not possible
for nonlinear systems. However, for a response point
sufficiently distant from the impact area, many army platforms
(e.g., vehicles) can be accurately treated as linear systems with
proportional damping. In such cases analytical SRS
determination proves possible.

Physical Point of SRS

system: S : determination: D
—/

C
¢ L)d(t) L)x(t)

Hypothetical MSD system,
for SRS determination

Figure 2. Shock-loaded system S,
with (hypothetical) attached MSD system
for SRS determination

Consider the typical case of an undamped or underdamped,
linear system, subjected to a mechanical-shock disturbance, at
point C. In such cases, analysis by the method of modal
superposition yields an expression for the induced displacement
d(t) (at D) as a linear combination of modal coordinates [5, 6].
These coordinates are the solutions to their respective
decoupled scalar differential equations. The inputs to these
scalar equations are modal forces, which are themselves scalar
multiples of the mechanical-shock disturbance. If the
mechanical shock can be approximated as an impulse, the
induced displacement d(z) will be a linear combination of

damped sinusoids. Denoting the i sinusoid by d,(¢), one can
express the displacement at D in the following form:

0= 4,0). @

where  d,()=D,e “ sin(ayt + ¢ Ju_,(t). %)

1

This displacement d(t) serves as the input to the SDOF
MSD system (see Figure 2). For the i component d; (t), the

constants D;, a;, ®;, and ¢; represent the input amplitude,

i» i

rate of exponential decay, oscillation frequency, and phase
shift, respectively. Each component begins at time ¢ =0 (the

time of impact), as indicated by the unit step function wu_,(?).
As documented below, if one assumes the induced
displacement d(t) to be given by Equations (4) and (5), one
can find an analytical expression for the relative displacement
8(¢)=x(r)-d(r), ©)
and for the absolute acceleration )'c'(t), to use in evaluating
Sp(e,), Sy(o,), and

0<g<1. These analytical expressions can either be used to

plot the respective spectral quantities, or to check the plots
found using alternative evaluation methods.

S,(w,) for any ¢ in the range

PROBLEM STATEMENT

Consider the linear, SDOF MSD system shown above in
Figure 2. Assume the displacement d(t) at point D to

comprise a linear combination of V exponentially decaying
sinusoidal inputs (i.e., to the SDOF MSD system), as given by
Equations (4) and (5). The objectives of this research effort
are to develop analytical forms for the spectral quantities

SD(mn), SV(mn), and S A(mn), as defined by Equations (1),
(2), and (3), respectively. The general case (0<g<1) will be
considered first, and then the special case of ¢=0.

SOLUTION FOR THE GENERAL CASE (0<¢<1)

Basic approach
The system differential equation of motion (DEOM) can be
expressed by
mi+cx+hkx=cd+kd . (7)
In standard form (i.e., in terms of the damping ratio G and the

natural frequency ®, ), the DEOM is
X+2¢0, 5+ 0 x =2cm,d +03d . (8)

Since d(t) is known [Egs. (4), (5)], one can find the relative
displacement by solving Equation (8) for x(t). Then Equations

(1), (2), and (3) can be used to formulate the respective shock
response spectra.

Response x(t) to a generic induced displacement d(t)
Consider first the response x() of the SDOF MSD system

to an arbitrary (assumed Laplace-transformable) induced
disturbance d(t). Let the Laplace transforms of x(z) and d(z)

be represented by X(s) and D(s), respectively. Then the
Laplace transform of Equation (8) is

s2X(s) = sx(0+) = %(0 +) + 2co, [SX(S) —x(0 +)] + 0> X(s)

- 2c0,[sDls)- (0 ]+ 03 0).



Rearrangement yields

2
26m,,s + o,

s +2co
Xis)= D L 0
(S) st + 2¢cm,s + o)ﬁ S)+ st 2cm,s + (oi x( +) (10)
+ ! Ho4)-——252_g(0+).

st 2cm,s + (oi st + 2¢cm,s + (oi

Taking the inverse Laplace transform of Equation (10), one

obtains the following expression for the displacement response,
in terms of induced displacement input d(¢):

)=e “*(4cosw,t+ Bsin w,t
4 2

+C {e’g"’"’ sin(eyt + ¢)} #d(t), (11)

where oy =w,41-¢>, (12)

A=x(0+), (13)
B=20 (04+)+ L 5(0+)- 2% a(0+), (14)
Wy @y 2]

2
c=Y (15)

Wy

2
and ¢ =tan”! 2(15—“25 . (16)
-2

The asterisk in Equation (11) indicates convolution, defined for
arbitrary functions f and g as follows:

1)+ g)= [, fe)sle=z)ar. (an

Convolution term, for modal (damped-sinusoid) induced-
disturbance component d, (¢)

To proceed it will be necessary to evaluate the convolution
term of Equation (11) for an exponentially decaying sinusoid
d; (t) [Eq. (5)]. Expansion of the integrand and application of

the trigonometric addition formula

sin(a+ﬂ):sinacosﬂ—i—cosasin[j’, (18)
yields

c[e‘w sin(ayt + ¢)] wd,(0)

= CDie_Olit<sin(a)it +é )I;e(ai_ga]" 4 sin(a, 7 +¢) cosmrdr

—codwyt+4 )J.;e(a'_m’)r sin(@,7+¢) sinculz'dz'> . (19)

Integrating [7]; and making the substitutions

B =0 =GO, (20)
Vi =0~ 0, @1
and P =0, +0;; (22)

one obtains the following algebraic result:

C[e_gw”t sin (e, + ¢)} *xd,(t)

[ sin (ve-+¢)-v, cos(v+4)]

i)
st d-psoipred

2(;1,2 +p[2j

M sing—v;cosp 4 sing— p, cos¢

G e
& [/17 cos (Vit +¢)+ v; sin (Vit +¢)]
_ [, cos (o +¢)+ pysin (ot +9)

2 2
2(#;‘ TP j

1;cosp+v;sing g cosp+ p, sing 23)
2( 2 zj ' 2( 2 zj '
MtV K+

Define now the following variables, for convenience:

=CD, e sin(@+¢)

—cos (@t +¢)

and Ky = 2(M2p—+pz) 27)

Upon substituting from Equations (24) through (27), Equation
(23) can be simplified to the following form:

ce ™ sin(eyt + ¢)* d, ()

= CDl-efgw"t [—KU cos (a)d o+ )+ K5; COS (a)d t+¢ —¢,—)
— Ky; sin(a)dt +¢+¢; )+ K4l-sin(a)dt +¢ —¢,—) ]
- CDl-efa'l [—Kll- cos (ag t+¢+¢ )—i— K; COS (wit +¢ —¢)

— K3 sin(a),»t +¢+ ¢) - K4,»sin(a),t +9; _¢) ] - (298)

Recall [8] the trigonometric relationship:

Acos(9+Bsin9:\IA2 +B? sin((9+tan_1 gj (29)



With the help of Equation (29), Equation (28) can now be
expressed (after some algebraic simplification), as the
following harmonic sum:

Ce ™" sin(wyt + ¢)*d,(t

)
= CDie_gW [— Oy sm(a)d t+p+¢ +6’U)
(

+0ysinl wyt+9—¢ + 92;') ]
—CDe “[-5,sin(wt +4 +4+6,)

+8ysin(wt+¢ —g+6,) |; (30)

where

511 V Kll + K3l \/7 (3 1)
621 V K21 + K41 \/7 (32)
0, =tan X = tan 1(&j (33)

v
0, =tan ' 22 l(ij (34)

Pi
and 05 = tan”" ( ) (35)

- K41

for C, u;, v;,and p; as defined by Equations (15), (20), (21),
and (22), respectively.

Position response x(t) to modally componentiated d (t)
Substitution from Equation (4) into Equation (11),

followed by application of Equation (30), yields the following
equation for the SDOF MSD position x(t)

OR
+cil)i{€w[—%sin(@”¢+@ +6;)
i=1

+8,sin( gt +d— +6,) |

(Acoswyt + Bsinw,t)

e " osin( @it +9+6,)

3y sinlayt +4¢, —¢+03,-)]}- (36)

Equation (36) describes the response x(t) to the total
(composite) induced displacement given by Equations (4) and
().

Relativedisplacement 5(¢) ,for modally componentiated d (t)

Substitution from Equations (4), (5), and (36) into
Equation (6), yields the following expression for relative
displacement, of the SDOF MSD system mass:

olt)=e e Acosw,t + Bsinw ¢
() d d

+CZQ
i=l

e[~ sinay tp+ ¢ +6;)
+6ysin( oyt +o—¢ +6,)]
e [ osin( wit+g +9+6)

=0y Si[(a)it"‘@ _¢+93i)
—sinfmr+4,)/C]}. (37)

Velocity response i(t) to modally componentiated d(z)
Differentiation of Equation (36) yields the following
expression for the velocity response x(t) to the induced

displacement d(¢):

. —Gw,t .
(Acos w,t +Bsma)dt) +wye o (Bcos awyt — Asin 1)

it)=—~ae ™"

+czg{_g@ew[_a,jshw+¢+¢; +6,)+Sysinl 1 +¢— +6,)|

i=l

+a;deﬂﬁt[—c§j cos(ay t-+¢+ +6;)+8y cos| gt +§—¢ +6y)
_aleiqvt[é‘ll—sin(a)it"‘@ +¢+,9h_) ~ 0y sin(a)l.t+¢l- —¢+¢93,-)]

oy (5,008 (@,144,+4+0,) -5 008 (w,1+4-p+03)]. (38)
Acceleration response x(t) to modally componentiated d(¢)
Differentiating Equation (38) with respect to time, and
combining terms, yields an equation for the acceleration
response ¥(¢):

i(t)= (gza}j - coj)eig

! .
w" (Acos w,t+ Bsma)dt)

—cw,t .
-2cm,0, € (Bcos a)dt—Asma)dt)

+CVZDl{ (gzwi —wi)e_w[—éil— sinlay t4+4+6, 1+ S,sinlo -+ +6)|
=

+2saqmpe " (8 cos (@t ¢ +6,) -8y cos (gt +9—4 +6,)]
+(@ —af )¢ it +4+6) ~Sysin ar4 -9+,

+2ame ¥ [-5,cos(a t+dy ++6, )+ cos(mt +4 —p+6) ]} (39)

Note that the number of terms in Equation (39) could be
reduced by a factor of two, for computer implementation, by
use of Equation (29).

Shock response spectra

Now it is possible to express the various desired shock
response spectra, in analytical form. The spectral displacement
and spectral velocity are defined, respectively, by Equations (1)
and (2), where the relative displacement S(t) is given by
Equation (37). The spectral acceleration is defined by Equation
(3), where the absolute acceleration x(t) is given by Equation
(39).



SOLUTION FOR THE UNDAMPED CASE (¢=0)

Position response x(t), undamped case
For the special case where ¢=0, the position response
given by Equation (36) reduces to the following:

x(¢)= Acosw,t + Bsinw,t
14
+@,) DI [-;sin(q,1+¢ +6,)
=l

+ 5Zisin( wt—¢+ 6’2,-)

+e [ ssin( wyr++6,)

~gysinlar+4+6,)]) (@0)

where oy = > ! 5 (41)
2\/ a; + (a),, - a),-)2

Oy = ! , (42)

2\/ 051'2 + (wn + 2] )2

—tan | i j (43)

w,

= tan

: j (44)

(a) + o,
and = tan ( ] (45)
®, —

Relative displacement 5(1 ) , undamped case

With no damping, the relative displacement given by
Equation (37) reduces to the following:

5(t): Acosw,t + Bsinw,t

+a@, ZD

;sinl @ ¢+ +6y) +Sysin w0, ) +65)
+e [ gsin (w46, +6;) — Sy sin(ar -+ +6)

—sin(ar+¢,)/ o]}, (46)
where the constants &; and 6 can be appropriately simplified,
as given in Equations (41) through (45).

Acceleration response )'c'(t), undamped case

Without damping, the absolute acceleration given by
Equation (39) reduces (again, as above, with simplified
constants) to the following form:

i1)= - a),f (Acosa,t+ Bsinw,?)

+0, D
i=l
(e ~a ) “[osin g +6,) ~dysin r+6,)]

+20m,e -8, cos(a 1+ +61[)+52005(@t+¢}+93;)]}- (47)

|-y sinl, 48, )+Ssinlo 46,

VERIFICATION AND MATLAB IMPLEMENTATION

An algebraic check of Equations (37) and (39)
In the limiting case, where ¢ =0, Equation (8) can be

expressed by
i+028=0, (48)

where o is defined by Equation (6). The expressions for &

and X from Equations (37) and (39), respectively, should
satisfy Equation (48) identically. Substituting, one obtains

.2 2 .
itw,0=-w, (Acosa)”t+Bsma)nt)

v, S0 o} i sl 46, )-ssinlo 1+,

=

(e -af )¢ “[asid arig +0,) ~dysin areg, +6,)]

+20me -8, cos(a t+ +6,)+5, cos( mt+4 +@)]}

w, (Acosa) t+ Bsina),,t)

+m ZDa)

o sin a;lt+¢ +¢91,) +52,sm(a) - +02,)

e [ sysin( gt +6y) — S sin(qr+ +6)
—sitleyt +¢)/ o, ]} (49)

which reduces readily to

it a,0=
0, YD (6 -3 +0] e “lasinl s ) ~asinl o +6,)
—

—Zog.a)-e_qt[d cos (ag ¢ +ﬂl~)—52; cos (a)it+¢l +%)]
-m,e sm(mt+¢,)} (50)



Further expansion of terms yields the following:

i+028=

|4
—a;t
w, E D, e " x
=l

{(6h=ef ol o cospsinlar4) 4, sind cosa-+4)
—0,; cosé;;sin (a)it +¢i)—§2i siné;; cos(a)it + )]
—2a, [ costl; cos(@ +¢,) -6, sindysin (@1 +4,)
—0,; c0sby; cos(a)l-t +¢l-)+ 0,; sinG; sin (a)l-t + )]
-, sin(u),-t+¢l-)}. (51)
Combination of like trigonometric terms yields

i+028=
|4

@ ZDz‘ e {Sin(wit + ¢i) [(511 coséy; =0, 005'931‘)(603 _wiz +ai2j
i=l

+(51i sing; — &, sinb; )(2%5"1‘)_%]
+cos(t + ;) [(51,' sind; =& Sina}i)(a)nz —@2 + 06‘2 j
_(511' cost; =8 Cos‘gai)(zaia’i)] } . (52)

In order for Equation (48) to hold nontrivially, it is necessary
that the square-bracketed terms in Equation (52) be zero, for all
indices i. In particular, it is necessary that

[(6}; cos6; — 5, 005631‘)(605 _a)iz +ai2 )

+(8y sin@;, - &, sindy ) 2,0, - ,] =0, (53)
and that
[(5, sing}, -, sineg,.)(wj —w; +afj

(8, cosdy; — 8y cosby )(2a,0;) ]} =0. (54)
From Equations (43) and (45), one can obtain the following:

sind,, = % : (55)
wla,-z +(o, - o)
cosf); = O = ) (56)
ﬂa,»z +(o, - o)
SinH:;l = ai s (57)
wlaiz +(o, + @)
and cosb;; ~(@+ ) (58)

= b
Vaiz + (a)n * a)i)z

Substitution from Equations (41), (42), and (55) through (58),
into Equations (53) and (54), proves the latter two equations to
express valid identities. This in turn demonstrates that
Equations (46) and (47) satisfy Equation (48) identically
(Q.E.D.).

A numerical check of Equation (37)

To verify the results for the more general, underdamped
case, the algebraic equation for relative displacement S(t)

[Equation (37)] was first implemented in MATLAB code.
Then, for selected damping ratios (i.e., of the hypothetical
SDOF MSD system), and for various induced-displacement
inputs [Egs. (4) and (5)], numerical evaluations were made of
the spectral displacement, using Equation (1) with the algebraic
results given by Equation (37). These results were compared
with numerical evaluations of the same spectral quantity (using
MATLAB) with the convolution integrals determined by direct
numerical integration [Egs. (1), (4), (5), and (11)]. The results
from algebraic substitution and numerical integration are
identical.

For a representative example, consider an induced-
displacement input with components described by the
parameters of Table 1. Table 2 displays the results of
calculations of corresponding spectral displacement by the two
methods described above. The two approaches are seen to give
identical results.

Table 1. Parameters for Induced-Displacement
Input Components d,(z)

i=1 | i=2|i=3|i=4|i=5
D; | 0009 | 0002 [ 0002 | 0001 [ 0.006
o, 0.50 0.25 0.15 0.95 0.75
; 250 100 750 900 500
d; 0 0 0 0 0

Table 2. Comparison of Spectral Displacements
Evaluated by Different Techniques (time step 0.001 s)

SRS Freq. o, Sp(®,) from Sp(®,) from

(g = 0,1) Algebraic Substitution Numerical Integration
1 0.01639525625157 0.01639525625157
2 0.01641587042504 0.01641587042504
3 0.01644317777833 0.01644317777833
4 0.01647694228270 0.01647694228270
5 0.01651690741770 0.01651690741770
6 0.01656279716325 0.01656279716325
7 0.01661431703708 0.01661431703708
8 0.01667115517439 0.01667115517439
9 0.01673298344652 0.01673298344652
10 0.01679945861516 0.01679945861516




Figure 3 presents plots of the spectral quantities, for this input
d(t) (Table 1), and for this damping ratio ¢ (Table 2), with

zero initial conditions.
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Figure 3. Shock-Response Spectra Using the Induced-
Displacement Input of Table 1, for damping ratio 0.1.

CONCLUSION

This paper has presented analytical equations describing
the spectral displacement (displacement SRS), the spectral
velocity (pseudovelocity SRS), and the spectral acceleration
(absolute acceleration SRS), for a proportionally damped, linear
system. For such systems an impulsive mechanical-shock
disturbance produces a vibratory response expressible
analytically in terms of the system modes and modeshapes,
using normal-mode orthogonalization. In particular, the
response has the form of a linear combination of exponentially
decaying sinusoids, of various amplitudes and phase shifts. A
response of such a form can be represented by SRS’s for which
this paper has provided analytical descriptions. The
displacement and pseudovelocity SRS’s are defined,
respectively, by Equations (1) and (2), where the relative
displacement 5(t) is given analytically by Equation (37). The
spectral acceleration is defined by Equation (3), where the
absolute acceleration is given analytically by Equation (39).

Having these analytical expressions for the various SRS’s
permits the SRS’s to be computed exactly for impulsive shock
disturbances, without necessitating numerical evaluation of the
convolution integral. The analytical expressions can be used
for other, non-impulsive input loads, even those for which there
is no simple analytical description, provided they can be

approximated as impulses. The physical system itself serves as
a modal filter of the shock input, to produce a vibratory
response, known at any desired point on the system in terms of
its exponentially decaying sinusoidal components. Each of
these components is known in terms of four values: its
frequency, its decay rate (time constant), its phase angle, and its
amplitude. From these values the desired SRS can be
determined by evaluating, at each point of a discretized
continuum of frequencies (i.e., those of the conceptualized
SDOF MSD systems), the maximum (or minimum) of a time
function consisting of simple algebraic expressions involving
simple trigonometric operations. No numerical convolution is
required, because the integrations have already been
accomplished analytically (and exactly, for impulse loading),
with the results incorporated into the algebraic expressions.
This method can provide for accurate SRS computation
irrespective of the input shock’s exact shape, provided the input
is approximately impulsive. For linear systems the described
method can be used as a benchmark to evaluate the accuracy of
other methods of SRS determination. It can also be used to
determine the minimum number of modes required, in a
system’s finite-element model, to produce an SRS of specified
accuracy.
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R EICHELBERGER
CONSULTANT

409 W CATHERINE ST
BEL AIR MD 21014-3613



NO. OF

COPIES ORGANIZATION

SAIC

G CHRYSSOMALLIS

8500 NORMANDALE LAKE BLVD
SUITE 1610

BLOOMINGTON MN 55437-3828

UCLA MANE DEPT ENGR IV
HTHAHN
LOS ANGELES CA 90024-1597

UNIV OF DAYTON
RESEARCH INST

RY KIM

A KROY

300 COLLEGE PARK AVE
DAYTON OH 45469-0168

UMASS LOWELL
PLASTICS DEPT

N SCHOTT

1 UNIVERSITY AVE
LOWELL MA 01854

IIT RESEARCH CTR
D ROSE

201 MILL ST

ROME NY 13440-6916

GA TECH RESEARCH INST
GA INST OF TCHNLGY

P FRIEDERICH

ATLANTA GA 30392

MICHIGAN ST UNIV

MSM DEPT

R AVERILL

3515 EB

EAST LANSING MI 48824-1226

UNIV OF WYOMING
D ADAMS

PO BOX 3295
LARAMIE WY 82071

PENN STATE UNIV

R S ENGEL

245 HAMMOND BLDG
UNIVERSITY PARK PA 16801

18

NO. OF
COPIES ORGANIZATION

2 PENN STATE UNIV
R MCNITT
C BAKIS
212 EARTH ENGR
SCIENCES BLDG
UNIVERSITY PARK PA 16802

1 PURDUE UNIV
SCHOOL OF AERO & ASTRO
C T SUN
W LAFAYETTE IN 47907-1282

1 STANFORD UNIV
DEPT OF AERONAUTICS
& AEROBALLISTICS
S TSAI
DURANT BLDG
STANFORD CA 94305

1 UNIV OF MAINE
ADV STR & COMP LAB
R LOPEZ ANIDO
5793 AEWC BLDG
ORONO ME 04469-5793

1 JOHNS HOPKINS UNIV
APPLIED PHYSICS LAB
P WIENHOLD
11100 JOHNS HOPKINS RD
LAUREL MD 20723-6099

1 UNIV OF DAYTON
JM WHITNEY
COLLEGE PARK AVE
DAYTON OH 45469-0240

1 NORTH CAROLINA ST UNIV
CIVIL ENGINEERING DEPT
W RASDORF
PO BOX 7908
RALEIGH NC 27696-7908

5 UNIV OF DELAWARE
CTR FOR COMPOSITE MTRLS
J GILLESPIE
M SANTARE
S YARLAGADDA
S ADVANI
D HEIDER
201 SPENCER LAB
NEWARK DE 19716



NO. OF

COPIES ORGANIZATION

DEPT OF MTRLS

SCIENCE & ENGRG

UNIV OF ILLINOIS

AT URBANA CHAMPAIGN
JECONOMY

1304 WEST GREEN ST 115B
URBANA IL 61801

UNIV OF MARYLAND

DEPT OF AEROSPACE ENGRG
A JVIZZINI

COLLEGE PARK MD 20742

DREXEL UNIV

A S D WANG

3141 CHESTNUT ST
PHILADELPHIA PA 19104

UNIV OF TEXAS AT AUSTIN
CTR FOR ELECTROMECHANICS
JPRICE

A WALLS

JKITZMILLER

10100 BURNET RD

AUSTIN TX 78758-4497

VA POLYTECHNICAL

INST & STATE UNIV

DEPT OF ESM

M W HYER

K REIFSNIDER

R JONES

BLACKSBURG VA 24061-0219

SOUTHWEST RESEARCH INST
ENGR & MATL SCIENCES DIV
JRIEGEL

6220 CULEBRA RD

PO DRAWER 28510

SAN ANTONIO TX 78228-0510

BATELLE NATICK OPERS
B HALPIN

313 SPEEN ST

NATICK MA 01760

DIRECTOR

US ARMY RESEARCH LAB
AMSRD ARL WM MB

A FRYDMAN

2800 POWDER MILL RD
ADELPHI MD 20783-1197
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NO. OF

COPIES ORGANIZATION

91

ABERDEEN PROVING GROUND

US ARMY ATC
CSTEDTC AT AC I
W C FRAZER

400 COLLERAN RD
APG MD 21005-5059

DIR USARL
AMSRD ARL ClI
AMSRD ARL O AP EG
M ADAMSON
AMSRD ARL SL BA
AMSRD ARL SL BB
D BELY
AMSRD ARL WM
JSMITH
H WALLACE
AMSRD ARL WM B
A HORST
T KOGLER
AMSRD ARL WM BA
D LYON
AMSRD ARL WM BC
JNEWILL
P PLOSTINS
A ZIELINSKI
AMSRD ARL WM BD
P CONROY
B FORCH
M LEADORE
C LEVERITT
R LIEB
R PESCE RODRIGUEZ
B RICE
AMSRD ARL WM BF
S WILKERSON
AMSRD ARL WM M
B FINK
JMCCAULEY
AMSRD ARL WM MA
L GHIORSE
S MCKNIGHT
E WETZEL
AMSRD ARL WM MB
JBENDER
T BOGETTI
L BURTON
R CARTER
K CHO
W DE ROSSET
G DEWING
R DOWDING



COPIES ORGANIZATION

W DRYSDALE

R EMERSON

D HENRY

D HOPKINS

R KASTE

L KECSKES

M MINNICINO

B POWERS

D SNOHA

JSOUTH

M STAKER

J SWAB

JTZENG
AMSRD ARL WM MC

JBEATTY

R BOSSOLI

E CHIN

S CORNELISON

D GRANVILLE

B HART

JLASALVIA

J MONTGOMERY

F PIERCE

E RIGAS

W SPURGEON
AMSRD ARL WM MD

B CHEESEMAN

P DEHMER

R DOOLEY

G GAZONAS

S GHIORSE

C HOPPEL

M KLUSEWITZ

W ROY

J SANDS

D SPAGNUOLO

S WALSH

S WOLF
AMSRD ARL WM RP

JBORNSTEIN

C SHOEMAKER
AMSRD ARLWM T

B BURNS
AMSRD ARL WM TA

W BRUCHEY

M BURKINS

W GILLICH

B GOOCH

T HAVEL

E HORWATH

M NORMANDIA

JRUNYEON

M ZOLTOSKI

20
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AMSRD ARL WM TB
P BAKER
AMSRD ARL WM TC
R COATES
AMSRD ARL WM TD
D DANDEKAR
T HADUCH
T MOYNIHAN
M RAFTENBERG
S SCHOENFELD
T WEERASOORIYA
AMSRD ARL WM TE
A NIILER
JPOWELL



NO. OF

COPIES ORGANIZATION

LTD

R MARTIN

MERL

TAMWORTH RD
HERTFORD SG13 7DG
UK

SMC SCOTLAND

PW LAY

DERA ROSYTH

ROSYTH ROYAL DOCKYARD
DUNFERMLINE FIFE KY 11 2XR
UK

CIVIL AVIATION
ADMINSTRATION

T GOTTESMAN

PO BOX 8

BEN GURION INTRNL AIRPORT
LOD 70150

ISRAEL

AEROSPATIALE

S ANDRE

A BTE CC RTE MD132

316 ROUTE DE BAYONNE
TOULOUSE 31060
FRANCE

DRA FORT HALSTEAD

P N JONES

SEVEN OAKS KENT TN 147BP
UK

SWISS FEDERAL ARMAMENTS
WKS

W LANZ

ALLMENDSTRASSE 86

3602 THUN

SWITZERLAND

DYNAMEC RESEARCH LAB
AKE PERSSON

BOX 201

SE 151 23 SODERTALJE
SWEDEN
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COPIES ORGANIZATION

ISRAEL INST OF TECHLGY
S BODNER

FACULTY OF MECHANICAL
ENGR

HAIFA 3200

ISRAEL

DSTO

WEAPONS SYSTEMS DIVISION
N BURMAN RLLWS
SALISBURY

SOUTH AUSTRALIA 5108
AUSTRALIA

DEF RES ESTABLISHMENT
VALCARTIER

A DUPUIS

2459 BLVD PIE XI NORTH
VALCARTIER QUEBEC
CANADA

PO BOX 8800 COURCELETTE
GOA IRO QUEBEC

CANADA

ECOLE POLYTECH
J MANSON
DMXLTC

CH 1015 LAUSANNE
SWITZERLAND

TNO DEFENSE RESEARCH
R 1JSSELSTEIN

ACCOUNT DIRECTOR
R&D ARMEE

PO BOX 6006

2600 JA DELFT

THE NETHERLANDS

FOA NATL DEFENSE RESEARCH
ESTAB

DIR DEPT OF WEAPONS &
PROTECTION

B JANZON

R HOLMLIN

S 17290 STOCKHOLM

SWEDEN



NO. OF

COPIES ORGANIZATION

DEFENSE TECH & PROC
AGENCY GROUND

| CREWTHER

GENERAL HERZOG HAUS
3602 THUN
SWITZERLAND

MINISTRY OF DEFENCE
RAFAEL

ARMAMENT DEVELOPMENT
AUTH

M MAYSELESS

PO BOX 2250

HAIFA 31021

ISRAEL

TNO DEFENSE RESEARCH
I HPASMAN

POSTBUS 6006

2600 JA DELFT

THE NETHERLANDS

B HIRSCH
TACHKEMONY ST 6
NETAMUA 42611
ISRAEL

DEUTSCHE AEROSPACE AG
DYNAMICS SYSTEMS

M HELD

PO BOX 1340

D 86523 SCHROBENHAUSEN
GERMANY
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	Substitution from Equation (4) into Equation (11), followed by application of Equation (30), yields the following equation for the SDOF MSD position �:
	Substitution from Equations (4), (5), and (36) into Equation (6), yields the following expression for relative displacement, of the SDOF MSD system mass:
	With no damping, the relative displacement given by Equation (37) reduces to the following:
	�
	.(51)
	In order for Equation (48) to hold nontrivially, it is necessary that the square-bracketed terms in Equation (52) be zero, for all indices i.  In particular, it is necessary that
	�
	,(53)
	�
	.(54)
	From Equations (43) and (45), one can obtain the following:
	,(55)
	,(56)
	,(57)
	and�,(58)
	Substitution from Equations (41), (42), and (55) through (58), into Equations (53) and (54), proves the latter two equations to express valid identities.  This in turn demonstrates that Equations (46) and (47) satisfy Equation (48) iden



