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1. Introduction

Very long finned projectiles carrying very dense metallic rods have been observed to be subjected
to large inelastic deformations during hypersonic flight (/). Spark shadowgraphs of these
projectiles have shown elastic bending motion with amplitudes as large as the rod’s radius (2). It
has been conjectured that the cause of the inelastic deformation was the bending loads associated
with pitching and yawing motion at resonant spin frequencies. These frequencies would be near
to the aerodynamic frequency of a rigid projectile or the elastic frequencies of the rod.

Spinning motion at a resonant frequency can be caused by a nonlinear roll moment associated
with the roll orientation of the fins or by mass asymmetry due to damage or poor construction of
the projectile. This spin-yaw lockin mechanism has been discussed for a rigid missile by several
authors (3-7).

The linear flight motion of an elastic missile has been considered in references (§—13). In
reference (//), a very simple theoretical model of a projectile composed of three components
connected by two bent mass-less elastic beams was used to approximate an elastic missile. For
appropriate selection of beam parameters spin-yaw lockin was demonstrated and large amplitude
oscillations occurred. In references (/2) and (/3), the correct linear partial-differential equation
for a continuously elastic missile was derived, and special solutions for harmonic transient
motion and trim motion were obtained. A nonlinear roll moment was shown to be capable of
producing equilibrium spin near resonance. Although the lateral motion of the pitching and
yawing missile was linearized, it was necessary to retain the quadratic terms in the roll equation.
A time history of motion going to lockin was not obtained at that time. It is the purpose of this
report to compute such a time history by use of the finite element method (FEM) (/4).

The lateral motion of a symmetric rigid missile has often been described by complex variables
(15), and complex variables were used in references (&) and (//—13) to describe the lateral
flexing motion of the rotationally symmetric rod. The equations of motion of a spinning missile
are usually derived by vector analysis and Newtonian mechanics, but FEM equations for elastic
bodies require the use of the more sophisticated Lagrangian mechanics. The Lagrangian of a
system must be stated in body-fixed coordinates. Separate differential equations in the two
lateral directions can be obtained from the appropriate Lagrangian. Pairs of equations are
combined and complex variables introduced to yield half as many complex equations.

If five elements are used to describe the pitching and flexing motion of the missile, 20
parameters, usually called connectors, are introduced and 25 second-order differential equations
and one first order differential equation are required. The introduction of complex angles and
complex connections reduce this system to 12 second-order complex differential equations and
two real differential equations.



2. Coordinate System

The elastic missile is assumed to consist of a very heavy elastic circular rod of fineness ratio, L,
and mass, m, embedded in a very light symmetric aerodynamic structure that may be longer than
the rod. The rod’s axial moment of inertia is I, and its transverse moment of inertia about its
center is ly. The rod’s diameter can vary over its length, and its maximum diameter will be
denoted by “d.” All distances will be expressed as multiples of the rod diameter and its length is
Ld. A nose windshield of length x,,d may be attached to the forward end of the rod, and the
fins may extend beyond the end of the rod at a distance of x,d. Thus, the rod is located
between x, =—L/2 and x, =L/2, while the acrodynamic structure extends from x, = x, — X,
to X; =X, +X,;.

An earth-fixed coordinate system will be used with the X.-axis oriented along the initial
direction of the missile’s velocity vector. The Z.-axis is downward-pointing and the Ye-axis is
determined by the right hand rule. A nonrotating coordinate system, XYZ is then defined with
origin always at the center of the rod and the X-axis tangent there. The X-axis pitches through
the angle, 0 , and yaws through the angle, v, with respect to the X.-axis. Body-fixed coordinates
XYy-Zy are now defined for which the Y,-Z, axes rotate with the missile through the roll angle,
¢, with respect to the Y-Z axes.

We will conceptually slice the missile into a large number of thin disks perpendicular to the
X-axis with thickness, dx. When the rod flexes, the disks shift laterally perpendicular to the
X-axis and cant to be perpendicular to the centerline of the disks. This canting action neglects
the shear deformation of the rod, and this constraint is called the Bernoulli assumption (/4). The
lateral displacement of a disk has body-fixed coordinates &, and &,,, and the disk is canted at

angles ' and T, .

23, 05
ro=—- I, =—%=. 1
by aX bz aX ( )
It important to note that at the central disk
8y, (0,t)=3,,(0,t)=T,,(0,t)=T,,(0,t)=0. (2)

Reference (/2) used the nonspinning elastic coordinate system with XYZ axes (d) = 0) . The

lateral displacements of a disk in this elastic coordinate system are shown in figures 1 and 2 and
can be computed from body-fixed quantities.

8y =8, +idy, =(8,, +13,,) €, (3)

and



ya Missile Centerline

Figure 1. X-Z coordinates of cross-sectional disk.

Figure 2. X-Y coordinates of cross-sectional disk.



[=T, +il, =(T,, +il,) e*. (4)

The earth-fixed coordinates of the central disk are x_,y,, and z,, and the earth-fixed coordinates
of the other disks are computed in terms of the central disk earth-fixed coordinates, their
body-fixed displacements, and the Euler angles 0, v, and ¢ .

Xge =X, +X[1=(y” +0) /2] -y Re{(8,, +i3,, )e*} +01m{(5,, +i5,, )e*], (5)
Yo = Yo + Xy +Re{(3,, +i3,, )e*}, (6)

and
74 =2, —x0+1m{(3,, +i5,, )"} . (7)

Ye» Ze, 0, W, 8, 8, and their derivatives are assumed to be small quantities, but x. and x. are

not small. Lagrangian dynamics yields the correct linearized differential equations for these six
variables when the kinetic energy expansion retains all quadratic terms in these variables. Thus,
equations 6 and 7 consist of only linear terms, but equation 5, which contains x., retains
quadratic terms in these variables. The coefficient of x in equation 5, for example, is the
quadratic form of the cosine of the angle between the X -axis and the X-axis.

The angular velocity of the central disk in the body-fixed coordinates is

p=0-y0, (8)
q, =Re{(6+iy) e}, )

and
I, =Im{(9+i\]1) e’i‘b}. (10)

The angular velocity of any other disk along axes aligned with the disk’s axes of symmetry is

p, =p(1-TT/2)+q,,, +1,T,, =p+Re{(é+i\if—d>F/2+iF) 1:}, (11
qe=9q, I, — 4T, = Re{(é+i\|}+if) e’i"’} , (12)

and
t=1,+ 1, =0, = Im{(6+iy+il") ¢™}. (13)



3. Motion of Central Disk

The mass of each circular disk is (m/L) p, (x) dx; its roll moment of inertia is

2a, (md2> p,(x) dx, and its transverse moment of inertia is a, (mdz) p,(x) dx, where a is
(16L)". p,(x) and p, (x) describe the variation of mass and moments of inertia along the rod,
and both become unity for a homogeneous rod with constant diameter. The kinetic energy of a
disk is therefore

T,dx = [(mdzpl/2L)()'(fle +y2, sz(zie)ﬂL(admdzp2 /2)(2pf1 +q;+r; )] dx - (14)

The total kinetic energy of the missile can be obtained by integrating T, over the length of the

rod:

T= dedx =T, +md’ (T, +T,,)+(md*/2L)(T,, + T,,), (15)

where T, =(md?/2)(x2 +2+22)+1,p*/2+1, (¥ +67) /2
+md’x | g0 -2,0-%, (v +00) ],
T, =—%,Re{(y+i0)8, +(y+i0)3, },

T, =Re{(§, —iz.)8, + (v +i0)(J, +J, )},

T, = [(8, 482 Jdx+(a,L) [ (12 412 pud,

T, = 2d)(adL) Re{}z (2if - d)l“)l:pzdx},

X
and

X

x. =(1/L) j xp,dx .

Xy

The y,and z, components of the central disk velocity can be approximated by linear relations in
angles of pitch and yaw with respect to inertia axes (6,\|1) and angles of attack and sideslip with
respect to the velocity vector (oc, B) as shown in figures 1 and 2. The magnitude of the velocity
vector is V.

y.=(V/d) (B+v), (16)

and



5. =(V/d) (a-0). (17)
Equations 16 and 17 can be written as a single complex equation:

y, +iz, =(V/d) (q,+4q,.), (18)
where q, =B +ia and q,, =y —16.
In reference (12), the linear aerodynamic force loading is expressed in terms of three force

distribution functions, ¢, (x), ¢, (x), and ¢, (x) and the base pressure coefficient, Cpyp, plus a

body-fixed force associated with possible bent fins. Because the lateral motion of the missile is
quite small, q, = —q,, and the aerodynamic damping force terms in the aerodynamic loading on

the aerodynamic structure can be combined. This aerodynamic loading in nonrotating elastic
coordinates is

dF,

d): =—8p (X)s (19)
dFy iy dF, Cr (X) |:ql =Ty (X) et +(8E _qu) (d/V)] (20)
Tl =g . , )
dx  dx +ep, (x) (24, —T =10l (x) €*) (d/V)
and
Fxbp = _gICpr : (21)

The total aerodynamic force acting on the aerodynamic structure is given by the integrals of
equations 19 and 20 and by adding the base drag of equation 21 to the axial force,

F =—gC,=-g { [en(x)dx+ CDb,,] , (22)
and

F=-g, |:C1q1 +C, (q1d/V) - CNBFei‘b -, (t) - jz (t) (d/V)] ) (23)
where various functions are defined in appendices A and B.

The primary components of drag are head drag and base pressure drag. The third component is
skin friction drag that is ~15% of the total drag and will be neglected in this report to simplify
the FEM calculations.

Similarly, the total aerodynamic moment about the rod’s center can be computed from the
transverse aerodynamic force and a small axial force contribution:



M=M, +iM,
=—i(g,d)| cq, +¢,(4,d/V) = Cyee® = I, (1) =1, (1) (d/V) =T (1) . (24)
The motion of the central disk is described by the variables x_, y,, z,, ¢, y, and 0. The motion
of any other section on the aecrodynamic structure located at x with thickness dx is the sum of this

motion plus its motion relative to the central disk. The work done on any section caused by
motion of the central disk is

(dWCd )x dX = dledXe + dQldee + dledZe
+ dQZxdq) + dQZydq]ey + dQszqleZ ? (25)

where the sectional generalized forces are defined in appendix B.

The total generalized forces can be obtained by integrating the sectional generalized forces and
adding the work done by the base pressure drag. These are also given in appendix C.

The linearized Lagrangian differential equation for x_and ¢ gives the usual drag and spin
equation,

mV =mx_ =-gC,, (26)

and
Ld=M_. (27)

The Lagrangian differential equation for z, can be multiplied by i and added to the Lagrangian
differential equation for y. to yield a single second-order differential equation in complex
variables. Next, the Lagrangian differential equation for 6 can be multiplied by i and subtracted
from the Lagrangian differential equation for v,

m| V(q,+q,)+Va, +8.d+g,x.d|=F (28)
and
(I, +md’x}) 4, —i¢1,q, +md* [ J, +J +x8, |=—iM-x Fd, (29)

where x, =(1/L) .[ xp,dx, 8, =(1/L) J- d.p,dx,and q, =q,,.

Xy X

These differential equations for x, =0 are the same as those derived by Newtonian mechanics in
reference (/2). Equations 28 and 29 contain eight integrals of &, and I'. Three of these are
integrals of dynamics properties(8_,J¢,J; ) over the rod (x,,x,) and five are integrals over
aerodynamic properties (J,,J,,J;,J,,J;) over the acrodynamic structure (X,,X;).



For constant spin and velocity, a rigid unbent missile with its center of mass at the rod center,
equations 28 and 29 predict a simple epicyclic angular motion:

ql — Kloekltﬂd)l + Kzoekztﬁcbz , (30)

where ¢, = I /21, i\/—(gld/lt) c, +((1')IX/2It)2 :
For zero spin, ¢, =—$, = o, , where o, =/(g,d/1,)]c,| .

4. FEM

The rod is assumed to be represented by the sum of an inelastic bent component rotating with the
missile and an elastic deformation,

8p (x,) =85 (x) €+, (x,1) ; X, <X <X,, (31)
and

8y (X,1) =84 (X) 43, (x,1) X, <X <X,, (32)
where 3, (O)zdSL(O)zo.

dx
Because the aerodynamic structure is rigidly attached to the rod,
8, (x,1) =8, (x,.1)+(x=x,) [(x,,1) ; X, <x<x,, (33)
and
8 () =8, (X,ut)+(x—%,) T(x,,t) 5 X, SX<x,. (34)

The motion of the elastic component of the rod is controlled by the elasticity of the rod and the
aerodynamic force acting on it.

FEM is a very powerful method for calculating the time history of the elastic flexing motion.
The rod is divided into n; elements of length L, = L/ n; . The shape of the j-th element is given

by a linear combination of third-order Hermitian polynomials (see appendix C).
- 4
8by(x’t):Z:qbpy(t) NP(Z)’ (35)
1

and



- 4
86, (%:1) = 2. dip, (1) N, (2), (36)
1
where X:Le(z+zj); z;=x, /L. +j-1 0<z<1.

The coefficients of the polynomials are functions of time and are called connectors. The first
two are the deflection and slope of the left end of the element and the third and fourth are the
deflection and slope of the right end. To ensure continuity in deflection and slope at junction
points, the corresponding pairs of connectors are equal. We will consider only an odd number of
elements and require that the connecters of the central element satisfy equation 2.

dy; =54, + L.y, » (37)
and
4y, =24Lq,, +54,, » (38)
where qbq = c]bqy +i61bqZ )

For n; elements, there are 2n; independent complex connectors. It is convenient to let the index

for the connectors run from 3 to n;, where n; = 2n; + 2. The usual FEM procedure calculates the
elastic parts of the integrals in equations 28 and 29 by first obtaining integrals over each element.
These are linear functions of that element’s four connector functions. Due to equations 37 and
38, the central element has only two independent connector functions, and the next adjacent
element connector functions are related to them. Integrals for these elements are specially

computed. The desired elastic integrals are sums of these subintegrals and are linear
combinations of the 2n; complex connector functions. The three integrals can be written as

60 = Lﬁlz alnqn + SCBeM) ° (39)
3
Jo=L"Y a,,q, +Je", (40)
3
and
Jy=a,) b, (4, —2ibq, ) —idJye, (41)

3
where q_ =q,¢".

The five integrals have contributions from the aerodynamic structure extensions as well as from
each element,



ng

J,+3,(d/V)

3

1 +i(4d/ V)1 ] e,

J,+5,(d/V) Z[f ) G + (820 * 8 ) (424/V) ]

+[J3B +i(§d/V) T4 [e*,

and

0,

J. = Z:(—CDamL*1 + han) q, +Je*.
3

Expressions for d 5, J,;, h,, and all FEM coeftficients in equations 3944 for 1, 3, 5, and 7

elements are given in appendices A, D, and E.

D (i + ) 9 (210 +20) (,4/V)]

(42)

(43)

(44)

Equations 39—44 can be used with equations 28 and 29 to write these two complex differential

equations in a standard format:

0,
n=l

The coefficients for m = 1, 2 are given in appendix F.

D[ Rypydiy + (S #1955, ) 4, +(T +i6T,, ) a, | =t, exp (i6).

(45)

5. Flexing Motion

In order to derive the equations for flexing motion, the kinetic energy given by equation 15 must

be expressed in terms of the rigid-body parameters, plus the connector functions. The usual
FEM process is used to express T»; in terms of two matrices, two vectors, and two constants.

0y 0y

T = 22 [ Ay + i |- 2Re{1¢e @Zkqum} F L,

and

n, n

22 - 2¢adL Re{z z bmn (21qm (I)qm ) + 2le 14)2 me ( + 21¢qm )} + (i)zIxBZL

3

where I ;,,1 ,, are defined in appendix A and k

xB1? mn?® " Bn?

The potential energy stored by an elastic deformation is

10

k. ,b,  ,bg, are defined in Appendix G.

(46)

(47)



P.E.=(1/2)T(E1/d) [aaf?J +[a;§;ﬂj dx, (48)

where E(x) I(x)=Ep;(x).

E, and I are values of Young’s modulus and the area moment of inertia at the rod’s center.
[oR (x) gives the variation of their product along the rod. For a homogeneous rod with constant

diameter, the product is E¢lp. The potential energy integral can be replaced by a sum of integrals
over each of the n; elements. After integrating over each element, the results can be summed to

yield a linear combination of the 4n; real connectors,

V= ( mdzcoé /2L) i i(quyqbny + ququnz) Cmn s (49)

m=3 n=3

where o = E I, /md’, c_, are defined in appendix G.

The work done on the rod by this elastic force can be expressed in terms of generalized force
terms,

ny

dW, =( md*/L) ) 3"[ Qpnyddymy + Qi Ay, |- (50)

m=3
¢
where QEmy +1Qy,, = —Z Conlpn -
n=3

The Kelvin-Voight elastic damping force (/6), which is proportional to the time derivative of the
elastic shear force, has generalized force terms:

ny

dW,, =( md’/L) & D" Qpyddyy + Qpp,ddy, | (51)

m=3
where Q. +iQy,,, = —[ 212/001) icmnqm , O = (4.73O/L)2 ®, -
n=3

The scale factor 2w, is selected so that k=1 corresponds to critical damping of the first elastic

mode.

The external aerodynamic force is divided between the force acting on the rod and the force
acting on the aerodynamic structure extensions at the ends of the rod. The total work done on
the missile is the sum of the work done by these forces.

11



dw, = z[ AW, +dW,, |
= (52)

0

= (gld) Z [ QAmydquy + QAmqubmz j|:

m=3

Where QAmy + 1(QAmz = Z |:(fmn + famn ) qn + (gmn + gamn ) qn:| e_i¢ + me + fale + l(l)(gBm + gaBm)
n=3

f,

Bm? gBm’

f

aBm gaBm

and f_,g .f

amn ? gamn s

are defined in appendix G.

Equations 50-52, in conjunction with the kinetic energy defined by equations 15, 46, and 47, can
be used to derive the 4n; Lagrangian differential equations for the g, s, 's for

m=3, 4,..2n;+2. The equation for q,,,, should be multiplied by i and added to the
corresponding equation for g, to yield 2n; complex differential equations for the complex
variables q,, . Ifthe q,  are replaced by q, in each equation, the result has the standard form
given by equation 45, where the 14n; complex coefficients for m =3, 4..2n,; +2 are given in

appendix F.

6. Special Solutions

A rigid symmetric finned missile flying with constant spin has two natural frequencies: ¢,, and
b,y » Where ¢, = —d,,, . For zero spin, each of the flexure frequencies would give rise to two
coning frequencies, , . The frequencies present in the motion of an elastic projectile would
form an infinite sequence, where the first two would be related to ¢, and ¢, , while the later

ones would evolve from o, i.e., ¢,¢,, = Og ;¢,r., = —®, . The odd numbered modes have

positive frequencies and are called positive modes, while the even numbered modes are called
negative modes. For nonzero spin, the pairs of frequencies would no longer be equal in
magnitude.

Transient harmonic solutions of the homogeneous constant spin version of equation 45 have the
form

Ay =que™ A=A,  k=1,2,3.2(2n+1). (53)

After substituting equation 53 into equation 45, a set of linear homogeneous algebraic equations
is derived, which is specified by an n, x n, matrix,

12



U =A’R,, +A (S, +iS,,) +T,, +i¢T,,. (54)

For n; elements, there are 2n; + 1 pairs of positive and negative frequencies. The lowest
frequency pair is related to the two aerodynamic frequencies and the other 2n; pairs are
approximations of first 2n; elastic frequencies of the infinite set of frequencies for the elastic rod.

The paired frequencies are equal in magnitude when spin is zero but the positive frequency has a
larger magnitude when spin is positive. For an elastic beam considered by Geradin and Rixen
(14), the first n; approximations are close to the correct value. This accuracy is determined by
the ability of n; elements to describe the corresponding mode shape correctly. Geradin and
Rixen (/4) also observe that the approximations are upper bounds of correct value.

For constant spin, the trim motion in response to the spinning bent missile forces can be obtained
by assuming a solution of the form

qn = aneid)t : (55)

The response parameters, q ., vary with particular values of the constant spin and are solutions

of a set of n, linear inhomogeneous algebraic equations,

Zanan = tm > (56)
n=1

where B, =—¢*( R, +S,, )+ib (S, +T,,)+T,,.

In reference (/2), both these special solutions were computed from iterative solutions of a

second-order differential equation specified by special boundary conditions. The FEM approach
obtains the same results and more by much simpler matrix operations.

7. Quadratic Roll Equation

The linear roll equation (equation 26) was derived from a kinetic energy function, which
neglected cubic terms inq,, q,,, d,,5 9a,5 dpyy» and qy,, - In order to derive the quadratic roll

equation, cubic terms involving ¢ and ¢ must be retained. The resulting roll equation is the same

as that derived in reference (/2) from Newtonian mechanics,
¢+ Re{mdz (3, 14,7, +iq,T) —iFScd} =M., (57)

where J7(t) is defined in appendix F.

13



The aerodynamic roll moment is the X-component of the aerodynamic moment about the center
of the central disk. The linear roll moment coefficient for a rigid finned projectile is usually
expressed in terms of a roll-damping coefficient and a steady state spin,

(Cf )linea.r = Cép ((i)_pss) (d/V) . (58)

The steady state spin is usually determined by a differential canting of the fins caused either
intentionally by the designer or unintentionally by damage to the projectile.

The roll moment of one of the projectile’s thin disks is the sum of the linear roll moment it has as
part of a projectile and the quadratic roll moment induced by the transverse aerodynamic force
acting on its lateral displacement relative to the center of the central disk. If we retain only the
dominant ¢ term in equation 20, the quadratic roll moment has the form

(M) e = (dF,) 8, =(dF,) 3, |
= (gld) Cep Re { i|:(ql _F_FBFei¢)+(8E _qu) (d/V)j| SE}dX . (59)

The total aerodynamic roll moment acting on the projectile, therefore,

Mx :(gld) [ (Cf)linear +Re{ QA (t)_igingc} ]’ (60)

X3

where QA(‘[):iJ-cfl [(q1 —F—FBFei¢)+(SE —qu) (d/V)} (SE —SC) dx.

The nonlinear roll moment from equation 60 can be placed in the spin equation 57 to yield:
Ixili +Re {md2 (QD - iqZT6 + iqzjs ) -gd QA} = g1d(C(/ )hnw 5 (61)
where the quadratic terms 1,.Q,, are defined in appendix F.

For trim motion, ¢ = Re { QD} =0,q,= i(i)qﬂei‘i’t and equation 61 become a simple equality of

two functions of p.

f,(9)=1,(4). (62)

where f, =¢—p,, f, =-R {QAT —(qZde/gl)(d)TéT Jring)}(Clpd/V)f1 , and

X3

Qur = i_[ Ca |:(q1T -T; _FBF)+i(8ET _quT)(d)d/V)}gTdX'

X0

O, are computed from the solution to equation 56 and Jer, Jgr are Jg, Js evaluated for
O, I';. For moderate spin Qar is the dominant part of f,. Equilibrium values of spin are

determined by the intersection of these two curves. Lockin occurs at stable equilibrium spin.
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Spin lockin can only occur when the missile has some rigid asymmetry such as that described by
Oy or I'y.. For arigid missile 6, and I'; are 8., and I'y. qir is a function of spin which has

a large resonant amplitude when spin is near ®, . For an elastic missile q,;,8,;,I"; are all

ET>

functions of spin and have large resonant amplitudes when spin is near ¢,, , or near ¢,, for

negative spin.

8. Numerical Results

In reference (12), calculations were made for a 20-cal. fin-stabilized rod, flying at 6000 ft/s. The
finned missile has a 1-cal. nose extension and a 1-cal. fin extension (figure 3). The mass and
aerodynamic parameters for the finned missile are given in appendix H. The bent rod will be
described by a pair of quartic curves.

8 =d, x> +d,x* -10<x<0
=d,x* +d,,x" 0<x<10. (63)

10d e d—=

Figure 3. Sketch of finned missile.

The rear of the rod is undeformed (d,, =d,, =0), and the values of d,, d,, are given in

appendix G. Two values of I',. will be considered. These are unbent fins and the rear 1 cal. of
fins bent uniformly to an angle of 0.02 radians.

A measure of the flight flexibility of a missile is the ratio of the first elastic frequency to the rigid
missile aerodynamic frequency, ¢ = ®,/®, . Calculations of (1')1 vs. ¢ have been made for the 1-,

3-, 5-, and 7-element rod. The results for all but the 1-element rod are practically identical, and
the curve for a 3-element rod is given in figure 4. At o =5, the aerodynamic frequency is 60%
of the rigid missile aerodynamic frequency; and even at 6 =10, it is 10% less than the rigid
missile aerodynamic frequency.
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Figure 4. ¢, /®, vs. & for finned missile.

The first six positive frequencies and their damping rates for 6 =5 have been calculated for a
1-, 3-, 5-, and 7-element rod. These results, together with calculations from the theory of
reference (/2), are tabulated in table 1. We identify frequencies which differ from the reference
(12) value by >10% as poor values and mark them with x’s. Thus the 1-element rod yields one
moderately good result while the 3-element and 5-element rods yield three and five good results,
respectively. For this elastic problem, n; — 1, elastic frequencies are well calculated. For zero
spin, the negative frequencies are the negatives of the positive frequencies.

Because the 3-element rod predicts the lower three frequencies quite well, all of the calculations
given in this report are based on a 3-element rod. Most of these have been repeated for a
5-element rod, and almost identical results have been obtained.

In figure 5, f, for 6 =5,T,; =0 is plotted vs. (I)/ ®, for spin near the first elastic frequency.
Large resonance values occur at ¢/ o, =5.1 and an f| line for p =6.0w, is also shown. This
f, line has three intersections with the f, curve, which are values of equilibrium spin. The
intersection near p_ /o, is denoted as p_/®, , while the other two are p,, /@, , p,./®y , and all

their numerical values are given in table 2.
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Table 1. Transient frequencies and damping rates.

6=5 $=0
Code k o, /(OR A /oy

1 element 1 0.645 —0.0530
3 element 1 0.612 —0.0528
5 element 1 0.613 —0.0528
7 element 1 0.613 —0.0528
reference (/2) 1 0.614 —0.0529
1 element 3 6.146x —0.0855
3 element 3 5.194 —0.0724
5 element 3 5.181 —0.0718
7 element 3 5.180 -0.0717
reference (/2) 3 5.184 —0.0717
1 element 5 20.31x —0.0644
3 element 5 13.81 -0.0518
5 element 5 13.79 -0.0523
7 element 5 13.76 —0.0518
reference (/2) 5 13.74 —0.0506
1 element 7 — —

3 element 7 30.00x —0.1018
5 element 7 26.97 -0.0914
7 element 7 26.79 —0.0881
reference (12) 7 26.69 —0.0825
1 element 9 — —

3 element 9 53.37x% -0.2060
5 element 9 4428 —0.1389
7 element 9 4418 —0.1462
reference (12) 9 43.84 —0.1427
1 element 11 — —

3 element 11 100.44x -0.4708
5 element 11 72.19x —-0.1309
7 element 11 65.88 —0.1256
reference (/2) 11 64.49 —0.1202

In figure 6, spin histories are plotted for all initial conditions equal to zero except ¢, =0, 5.4®, .
For low values of initial spin, lockin occurs at the first elastic frequency, p,,, and large strains
result. For larger values of initial spin, lockin occurs at p .. This behavior was predicted by the

simple three-body theory of reference (/7).
It is very unlikely that sufficient fin damage occurs to produce a p_ in excess of five times , .
Because it is much more likely that a p_ near w, can be produced, the observed inelastic

deformation is probably caused by lockin at the aerodynamic frequency, and this case is
considered in detail in the following section.
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_4 1 I I
4 45 5 65 6 6.5
Figure 5. fjvs. b/, for Ty, =0, 6= 5,p = 60y .
Table 2. Equilibrium spin rates.
=35

[y 0 0 0.02

Py /0 6.000 0.800 0.400

P/ Ox 5.944 0.788 0.429

Pr. /g 5.097 0.590 0.564

P/ O 5.393 0.647 0.627

In figure 7, f, is plotted for spins near the aerodynamic frequency, and f, is shown for

p,, = 0.8w, . The three intersection points are given in table 2. Spin histories are plotted in
figure 8 for zero initial conditions except for \y, =0,—3s™'. Here, we see that p_ spin-yaw
lockin occurs for zero initial angular velocity, and p,, spin-yaw lockin for an initial yaw rate of
—3's7'. The angular motion in body-fixed coordinates is plotted in figure 9. For lockin at Pee »
the motion is smaller than 0.09 rad, while for lockin at p,_, it is as large as 0.15 rad. The motion
of the forward end of the rod in body-fixed coordinates is given in figure 10. Motion for p_,
lockin is <0.17 (0.7 in), and after 1 s, it is never >0.09 (0.4 in). For p,, lockin, it exceeds 0.28

(1.2 in).
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Figure 6. ¢/, vs. time for Ty, =0, 6 =35, p, = 6.00,, ¢,/ 0, =0,5.4.
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Figure 7. f;vs. ¢/, for [y, =0, 6 =5, p,, = 0.8y, .
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Figure 8. ¢/, vs.time for [y, =0, =5, p_ = 0.80, ¥, =0, -3 s
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Figure 9. Angular motion (qpiy vs. qp1,) for I'yz =0, 6=5, p, =0.80;, y,=0, -3 5.
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Figure 10. Rod forward tip motion (qy7y Vs. Qu7,) for I'yz =0, 6=5, p, =0.80y, y,=0,-3 s

The maximum strain on the rod is located on the rod’s surface at its center. In terms of
3-element parameters, the maximum strain is

0’8, (0)

2
X

=12

ey =(1/2)

12q, +2L q,|- (64)

The time history of the maximum strain is plotted in figure 11 for \y, =0, —3s”. For most
metals, yield occurs for maximum strains in excess of 0.0015, and we see that yield does occur
for resonance lockin.

The two regions of the initial angular rate plane, i.e., the \y — 90 plane, which induces either

lockin, can be determined by a number of trial and error calculations, and the boundary curve
between these regions is shown in figure 12. Initial conditions outside this curve will cause
resonance lockin while conditions inside it induce p, lockin.

For I'y. =0, the first resonance peak of the f, curve is negative, and p must be greater than
the aerodynamic frequency for three intersections to occur.

As is shown in figure 13, bent fins corresponding to I';, =0.02 —11<x <-10 will produce a
positive peak in the f, curve and a p_ less than the aerodynamic frequency can produce

resonance lockin. The plots corresponding to figures 8—12 are given by figures 13—19.
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time(s)

Figure 11. Maximum strain (¢,,) forTy, =0, o=5, p, =0.8w,, ¥, =0, -3 5"

9. Summary

The application of FEM to the calculation of the motion of a pitching, yawing, and flexing
missile has resulted in the construction of a family of linear differential equations.

Computer codes have been developed for 1, 3, 5, and 7 elements and used to obtain the first four
elastic frequencies. The 3-element code has given excellent values of the first two elastic
frequencies. The 5-element and 7-element codes provide equally good values for the first four
elastic frequencies.

Integration of these differential equations has demonstrated resonant spin lockin at the
aerodynamic frequency and the first elastic frequency. Lockin can occur near the design steady
state spin or near resonance with a transient frequency. Calculations have identified regions of a
yaw rate-pitch rate plane that determine which lockin will occur.
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Figure 14. ¢/w, vs. time for [y, =0.02, 6 =5, p_ = 0.40,, 6, =0, 5 s

0.15 - - . .
i r Irf‘ e=1g
0.1+ ,/QA(R\}5 \H\F[ 0=0s A
gl - \
AN \ );f
= ){tﬂr’f’l_# N\){/
D7y 0051 h \ft‘x J_}/\\ l
\-\
[g‘;‘{ _ \{ ) T e
L
0r g»’\ /_"“‘“_j o
-0'03.2 -0.115 -UI.'I -0.65 6 0.05
b7z

Figure 15. Angular motion (qpy VS. Qp12) for I'yz =0.02, 6 =5, p, = 0.4, 90 =0, 5 s
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Appendix A. Integrals

A.1 Aerodynamic Terms

X3
¢, =Cy, = J.cfldx
Xo
X3
C, = CNq +Cy = J.cmdx
Xo
X3
CNBF = J.CFBFBFdX

Xo

Cpy = 2Cp, — XCy

A.2 Boundary Terms
I, = Icfldx
L= I (x—x,)cpdx
I, = Icmdx
I, = I (x—x,)cp,dx
I, = I (x—x, )2 ¢ dx
I, =2L-1,-x/]
Ly =21 -1, =x1I;
Ly = [ cpdx+Cp,

X0

L, = I (x—x,)cpdx
Lige = J-CBFFBFdX
Lige = jcferFdX

Xo

X3
c,=C,, = .[Cflxdx
X0
X3
¢4 =Cyyq +Cy = [ cpxdx
X0
X3

CMBF = .[ CBFFBFXdX

X0

Cor = Cpy +((i)d/V) Cra.

X3

) = Icf]dx
X2

X3

I, = I(X—Xz) c;dx

X3

6= Icfzdx
X2

X3

g = I(x—xz) cpdx

X3

0= I(X —X; )2 cpdx

L, =2I-1,-x,],
Il4 = 218 _IIO _X214

L, = T cpdx

X3

I, = I(x—xz) cpdx

X2

Ligr = j (X - Xl) CBFFBFdX

Xo

Lge = I(X - Xl) Cpr I gpdX

Xo0
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A.3 Bent Missile Terms

X2

J = j Cy (T +T,) dx T, = j [er (T +T g ) =,y | xdx

T, = j [cp, (T + T ) —c 8, | dx Jop = j Cp (8 =8 ) dx +[ 815 (%) =85 | oy

Iy = j ¢y (M + T ) xdx Jop = (1/L)if x8,p,dx

8 = (1/L):f§Bpldx Yo = —ad)IFszdX

. :(I/L)T[pISEBgEB +(p2adL)rBFB} dx I, :—6adT[p2rBFB] dx.. (A-3)

Xo0 Xo
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Appendix B. Functions

5. = (L) [ 8,p,dx

J, (1) =Tcﬂrdx

3 (6)= [ (eaT ey ) dx
Ji(t)= j ¢, I'xdx

X0

J4(t):xf(cf2r—cf155) xdx

3o (6)= [0 (8 =8.) dx+[8, (x,)-8.] o
Jo(t) = (l/L)T x8,p,dx

T (t)= adT (- 2i¢r) p,dx.

Xy
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Appendix C. Generalized Forces and Hermitian Polynomials

_dF,

dQ,, = " dx =-g,c, (x) dx
: dE,  dF, .\ dF,
dQ,, +idQ,, = [d—;+1d—x+(—w+19) " }dx
dM
dQ,, =—2=>d
sz dX X
: dE,  dF, dF, _dM,
dQ,, +1dQ,, :|:X[d_):+l . j—SE . -0 " }dx
le = Fx
Q,, +iQ,, =F, +iF, +(—y +i0)F,
QZx = Mx

Q,, +iQ, =-i(M, +iM, —iF,5,)-6M,

N, =1-32>+27° N;=6(2-7)

N, =Lz(1-2) N =L (1-42+37)

N, 222(3—22) Ng =6(Z—Zz)

N, =L.z*(z-1) N, =L, (32’ -2z). (C-1)
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Appendix D. Connector Coefficients for Equations (39—41)

D.1 Rod Parameters

1
Al
aqj=LeIp1(x) N, (z) dz X=Le(ZJ-+Z)
0
1
éij:Leprl(x) Nq(z) dz Zj:(x]/Le)+j—l
0
R 1
be:J.pz(x) Nq(z) dz q=1 2, 3, 4.
0
n.+1
For central element r= J2
a,, =a, +5a; +24La) a,, =a, +L.a, +5a,
. n.+3
For adjacent element r= J2
a), =54, +24La), ay =L.a, +5a}
élSa = é\'13r éi&a = allr’

az,a, b’

2 A2 N2 .
> 3qa» Dyerand by, are computed from a;; and by; in same manner as previously shown.

all:alz_o
n =4 L.=L
Al Al
a13_3‘1 a, =a,,
C
n, = L,=L/3
S Al 44l 44! P Al Al
1374 Ay = ay a5 =a3 Ta, Ta, g = Ay T Ay Tay, a7 =45, A1g = Ay,

n, =12 L, = L/5
Al Al —al 44! —al 44l
a3 =4ay ayy =ay a5 =4az ta, A1 =y Tay
Al Al i Al Al A Al
a,=aj; ta +a, az=3a,+a +a, A9 =23, ta5
Al Al Al Al
a'1(10) =ay, Tays a](ll) 35 al(lz) =y

35

(D-1)



n =16 Le=L/7

Al Al Al Al
a;;=4ay, ay =ay a5 =ay ta,

_ Al Al ~1 _ Al Al Al
Ao Ay A T3, 8y T a5 1A, Ty,

PSS Al oAl
Ao =23, +a,y a, =25 ta;

_ Al Al _ Al Al
Ay =ay, tay A1) = A3, T
=4, +a! a,,, =ay +4, a,,, =y +a; a,. =a\ a,. =4,
) T C4a 26 113) ~ 936 T 817 1(14) — 46 27 1(15) = “37 1(16) — <47

A2

A2 A2 A2 120 12 n2 :
a,, and b, are computed from a;, a ., a,,, by, b,.,and b, in the same manner as previously

shown.
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Appendix E. Connector Coefficients for Equations (42—44)

E.1 Rod Terms

1

fy=en () N, () ¢ x=L,(z+2)

Lot M@ -ca M@ L 0 oG/

2= Lo ) v, ()] 41234

&2 = [Tern (%) N, (7) -0 () N, (2) 1] s (&1

0

A p2 Al AD - . .
£, £, &, and g, are computed from f, f;, g, and g; in the same manner as in appendix D.

E.2 Nonzero Aerodynamic Extension Terms

n, =4
f ., =24L1, f,=1+50
f,,=24L1, f,,=1,+5]
g =-1,-5L+24L' (I, -1,) g, =L-L-LL +5(-L,)
g, =—1, =51, +24L, g, =1L -1, L +5I,
h, =1, +5L,+24L1,, h, =1, +L.]IL,+5],,
n, #4
fa14 =4 faln[ = Iz
f,, =1, £ =1
8.5 =" g, =L -1 ai(n 1) = -1, 8ain, =1s =14
I 8ai(n,1) = Lig atn, = Lig
h, =1, h, =1, By = Lo h,, =Ly (E-2)
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Appendix F. Differential Equations Coefficients

F.1 Equation44m=1,2

R, :(mdz/L) R, :(mdz/L) [a2n+ (a,L) b,, +x.a,
S, =(md) V+(g,d’/V) c, S,, = x,md’

S, = (gldz/V) (8 + &) Sy =(2d*/V) (e —x.c,)

S,, =1, +md’x’ Spn = (2 /V) (g2 +8120) ~ XS,
T, = (gld) (¢, =Cp) T, =(md) V

T, =—(gd) (f,+f,,) T, =(gd) (c;—x.c,)

T,, =—(gd) (£, +f,,, —Cpa,, L' +h, )-xT,

S, = —2( mdz) a,b, T, =-1,

to = (67 ~i¢) 84 tny =(6* ~i0) (Yoo~ o)

ta =Jis +i (9d/V) 1,y tar =13 +i( d/V) 1,

F.2 Equation 44 m =3, 4...n;
R,, =(md’/L)k,,

S, =(md) Vd,, —(gldz/V) (1 + i) S., =R,

S, (g]dz/V) (Zun + o ) + (mdz/L) (20)(2)/03]) ke

T, =—(gd) (£, +Fu +Cpay, L) T,,=mdVa, L
T, =—(gd) (£, + )+ (mdz/L) ogc,, +2¢’md’a,b_

S, =—4(md’) a,b,, T, =2md%a,b,

T ——(mdz/L) (2(03/(01) ke
tup = (97 =10 (K, /L+2,by,, ) —4id’a by,

tyn =Ty + 1 +i( (i)d/V) (gB3 + ISB)
tia =fps +15p +i( (i)d/V) (8ps+1s)
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t =1, +1(d)d/V) gn 4<m<n, —1
s =Py + BT (52 +1(0/V) (2 + 1T (x2)
tn = Fon L0 (%,)+1(0d/V) (g +1T5(x5))

For n,=1 n =4 m=3, 4
b =(<i>2—iili K, /L

i = Fie + 1 + 50T (%, )+ 241 LT, (%, )
+i(¢d/V) (&pie + Ly + 5105 (x, ) + 241 LT (x,))
ton = Fyoe + Ly + L LT, (x,)+5L,0, (x,)
+i(¢d/V) (&pae + 1oy + LIy (%) + 5L (x,)). (F-2)

F.3 Quadratic Spin Equation (61)

——(i/L) j 983, —paa,L(I"+4i¢r +iq, ) T'| dx

Xy

~(i/L) ZZ[ .—a,Lb,,) §,3q, +8ida,Lb,,d,d, ]

m=3 n=3

1/L “"Z[( adLBBm) [qm+4}2q ]+81(|)a Lb ( 1(|)qmﬂ

Iy =1, +1,,—(md’/L) Re{4a LZmeqmqn+e 1¢Z( 2, —3(a,L)by, ) qm}

m=3 n=3

I md® (I ( Nt ) (F-3)
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Appendix G. Flexing Motion Finite Element Method (FEM) Quantities

G.1 Kinetic and Potential Energy Coefficients

1
A ;= Le.[p1 (x)N,N,dz
0

R L dN_ dN
b = Lfl X P q dZ
8
L d’N, d°N
¢ =17 —1dz. G-1
ot e @
) n +1
2 x 2 central element matrix r= J2
. = éllr + 5(él3r + ésn)"' 24L;1 (él4r + é'41r)"' 252, + 120L;1 (5'34r +ay,, ) (24) a44rLe2
a,, =4, +LAa;, +5( o 532r)+ 241 'a,, +5L A, +254,, +24a,, +120L 4,

A A A A 1A A A A A 1A
5, =2y, +5 (az3r +a,, ) +24L a,, +L.a,, +5L a,;, +24a,, +25a, +120La,,,
- oA ~ ~ ~ ~ 2 A ~ ~ A

8y, =8y, + L (85, +85,, ) +5(8y, +8,, )+ Ly, +5L, (4, +4,, ) +254,,

nj+3

4 x 4 adjacent element matrix r= 5

A, =258, +120L (4,5, +4,, ) +(24) 4, L2
i, =5L.a, +244, +254, +120L4,,
=5L4,, +254,, +244,, +120L 4,

8, =LA, +5L, (4, +4,,)+254

21r

22r

a5, =58, +24a,, L a,, =584, +24a, L
aMa =54, +24a,, L am =5a,, +244,, L)
233 L al3r + 5323r 32a L a3lr + 5532r
8y, =LA, +52,, a,,, =LA, +52,,
é33a = é33r é34a = é’34r
é43a = é43r é44a = 544
quc, b sqa> Cpqe» @0d €, are computed from b and ¢ ; in the same manner as previously shown.

41



L.=L An = A )(n-2)c m,n = 3,4
n, =8
L.= L/3
a3y =3ayy d35 = a3 A36 = ayy
Ay = Ay Ays = Ay3 Ay = Ayyy
a5y =a3, Ass =a35 +a;, T3, A5 =a34 ), 25, A5, =83, A=Ay,
Agq = Ay Ags =y Ty Ay,  Bg = Ay, Tay Ay, Ag7 =83, Agg = Ay,
a7 = a3, ay; =g, g5 = A3y,
_ A _A _ A 1
ag, =4,,, 8y, = 8,5, g =8, othera__'s are zero
n =12
L.= L/5

a3y =ayy, d35 = a3 A3 =iy,

Ay = Ay, Ays = Ay A4 = Axyy

a5y =8y, A5 =233, T3y, A5 = a3, T3y, as; = a3, Asg = Ay,

A = Ay Ags =45, T3, Agg =y 25y Ag; =8y A Ty

Qg6 =83 Ay Ty FA Ty, By =y, T Fay, By A3, Ay Ty,

Ags = 8y Ag; =gy Ty Ty, Agg TAyyy Ty Ty, gy Ty, Agg) Ty,

Qo3 =83, Agg = d33, T A5 Ag(10) = A34a T 3125 Aoar) = d3s o) = igs
Ao = A42a A10)p = Aa3a T A5 Ag)10 = Aaaa T o5 Aoyt = Q235 (02 = Qoss
Ao = Ass A = Aszs Ay = Aass

_ A _ ~ _ A~ 1

Aizy0 = Q425 Aoy = Aass Aoy = Buss othera,, 's are zero
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L, = L/7
a; =4, aj, =4, a5 =4, Ay, =4,
Ay = é'211 Ay = ézzl Ay = él231 Ay = é'241
a5 = é'311 a5, = é'321 a5 = 5331 + él112 A5 = é341 + é'122 a5, = é'132 A5 = 5142
ag =a,, g =2y A =8, +a,), Qg =8y +ay, ag =2, A =a,,
a5 =4y, a5, =y a5, =ay, +a,; Ay =8y, +4)y, a5, =43 A5310) = a,
ags =4y, Ags = a4 g =8y +a,y, gy =8y, +a5 agy =8,y Ag10) = A,
ag; = a3 A =y gy =8y +4;, +4, A9(10) = Ay +ap Ty, A1) = a3, Ag(12) = A4,

Ao a3 Ao T3 Ao Taazz TAy Ay, By T gz TApe TAyp, A

Qe =8 3o = 2a Ay = 833, T2 Az = Assa a5 Az = iz Qs = ige
Qo T8 Qoo %20 31 = Aaa +ay, Aoy = Qasa +any, Aoy = 836 A1oy14 = 846
Qi 8316 Az = e a3 = 836 +a; A13ya = Qg6 +a),, Azns = iy Aizpe = a7
Aoy =36 Baa T Aaae Aayz T daze T Aoy Qg = daae + fy; Quaps =827 gy — Qow
Quspz =817 sy =337 B(sys — gy Auspe = Aaa7
A A A A ,
Queps =417 Bepna — Bar Queps = Buyy g6 = daay othera,, 's are zero

A

b . andc_ computed from bqu, blDClc , bpqa > Cpai> Coge and Cpga 1N the same manner as previously

k.. =a_ +(adL) b..

mn

G.2 Kinetic Energy FEM Vectors

Ap,; =Le.1[p1(x) 8 (x) N, (z) dz X=Le(Zj+Z)
Buy = [9.(3) T () N, (2) P L)L (62)

A » . Al
ag, and b.; are computed from a,; and by ; in the same manner as a,, was computed froma,,

Ko =ap, +(a,L) by, -
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G.3 Rod Aerodynamic Force Terms

1
=Icf1 dZ sze(Zj+Z)
0
1
8oy = j cf2 cﬂ( ) N, (z) LC] N, (z) dz z, =(x1/LC)+j—1
0
p.q=1, 2, 3, 4. (G-3)

f and g are computed from f and g in the same manner as a,, was computed froma .

1

f ——Le.[cfl(x) N, (z) dz X=Le(Zj +z)
0
1

&5 _Le,[cfs(x) N, (z) dz z;=(x/L,)+j-1
0

¢y (x)=2¢;, —xcp p=1,23,4
f i=L.|cq(x [F F(x)] N, (z) dz

85y = L. ¢, (X) [FB (X)-f—FBF(X):I (x) N, (z) dz

fot> Emi» fom» and gy are computed from f;, g, fy;, and g, ; in the same manner as a,, was

m

computed from a a . All other f_,, g, f,,, and g 's are zero.

G.4 Nonzero Aerodynamic Extension Terms

n, =4
5 =—[1,+51,+24L]'L, | £ = 241 [ 5(1, +1,,)+24L]1, |
5 =[ 1, +251, + 241, +120L] (I, + L) | £, =—[L+L.L +5L]
i = [ Conp +241, + 251, +120L (I, +1,,,) ] £y =[ 1, +5L, (L +1,p)+25(1,+1,,) ]

£y =105 (X)) + 5L, (X,)+ 240 LT (X, )+ Lge fip0 = LT (%) + 51,5 (X, ) + 2401, + Ly,
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n, #4

f,=-I f.,=1 £ = Conp £, =-L f,=L
£y, = Lo £ oty = Lo £y =L fron =1 +1,p
s =L (X))l fpg = LT (X)) + L £y =L0s(%,) £ =LT5(x,)

other f, 's are zero

n =4

g, =—[ 1, +51,,+24L71, ] €u = —| 1 +251, +120L7 (21, ~ 1) +(24)" L7 (1,, - 1,) |
as =—| L =L +5L,1, +24(21, — 1) +25(L,, — ;) ]
g =—[1; +LI, +51,] s =—| L, +5L.1, +24(21, — 1) +120L (I, ;) |
8 =—| L~ L, + L1, +5L, (21, - 1) +25(1,, - I;) |
s = Ll (X)) +5L T (x,)+24L LT (x, ) + Ly
gri=LIg (x1 ) +L. I, (x2 ) +5LIy (x2 ) +1ge

n #4
8 =1 8. =1, 8w =L 1
8o =L 8. =" Baa =1, =1
8ufo, - = "h2 a(n,-1)(n, 1)~ L2 &u(o,1)n,) = Lo
Zany =L atn)ni-) = Ls atn)n) = L ~ Lo
a3 = LTs (%) + Lipr 8ups = L5 (X)) + Loy an(n—1) = Ll B (%5)  8upn, =La(X)
other g 'sare zero . (G-4)
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Appendix H. Finned Missile Parameters

p=p,=p;=1

L=20
d=0.35 ft.
m = 3.50 slug

I =0.054 slug-ft*

I, = 14.318 slug-ft’
¢y =4(11-x)

— o2(x10)
=—(2/n)(15+3x)a,
=(12/n)a,

¢, =2(11-x)’
=2+0.5(1-¢"")

=2.5+(1/3n) (15+3x)"a,
=2.5-(12/n) (6+x) a,
¢, =(0.30) (11-x)
=0
Cpyy =0.14
d, =107
Cy =97
Cyyy = —980

47

x, =0
V = 6000 ft/s
p=0.002 slugs/ft’
Xop = X3 =1
a,= 1100 ft/s

a, :2[ (V/a,) —IT

10<x <11
-5<x<10
-7<x<-5
-11<x<-7

10<x<11
-5<x<10
-7<x<-5
-11<x<-7

10<x<11

x <10
C,=-18

d,, =-0.25x10"°
Cy, =344

(0

Cyp =—190
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List of Symbols, Abbreviations, and Acronyms

¢;(x) aerodynamic force distributions functions

d rod diameter
E Young’s modulus

F, +iF, complex transverse aerodynamic force

a, (16L)"

g1 & PVzS/ 2

I (d)4 H y’dydz = (d)4 J-J.szydz , area moment of rod
Ik axial moment of inertia of projectile

I; transverse moment of inertia of projectile

k beam damping coefficient

L rod length / rod diameter

m projectile mass

n; number of rod elements

n, 2n;+2

p projectile spin

q B+ia, complex angle of attack of central disk (nsc)
q,. v —10 complex yaw and pitch of central disk (nsc)
q, \y —i6 complex yaw and pitch rate of central disk (nsc)
q, n=3.4...n, FEM connectors (nsc)

Qp, n=3.4...n, FEM connectors (bfc)

L, L/n,

S nd®/4
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X1, X,

Xo1> X3

total kinetic energy

kinetic energy of disk at x with thickness dx

magnitude of projectile velocity

location of beam ends

dimensionless length of fore and aft aerodynamic extensions

axial location of center of mass

angle of attack of central disk

angle of sideslip of central disk
%, complex cant of disk
18>

maximum strain of rod

X2
L' I dpdx, lateral location of missile’s cm

O, +18y, , lateral displacement of disk (nsc)

roll angle

frequency of k-th mode

damping of k-th mode

air density

axial variation of mass, moment of inertia, elasticity
o,/ o,

E I, (L/md)

lowest elastic frequency of beam in vacuum

rigid projectile zero-spin frequency

(Fx E,E, ) , aerodynamic force exerted on missile (nsc)

(Mx M .M, ) , aerodynamic moment exerted on missile (nsc)
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Re{z} real part of z

Im{z} imaginary part of z

Carat superscript denotes quantity for a single element
Tilde superscript denotes elastic parameter for bent missile
B subscript denotes parameter for bent projectile

BF subscript denotes bent fin parameter

E subscript denotes an elastic coordinate parameter (nsc)
T subscript denotes trim motion parameter

b subscript denotes an elastic coordinate parameter (bfc)
(bfc) body-fixed coordinates

(efc) earth-fixed coordinates

(nsf) non-spinning coordinates
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