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THE COHESIVE ELEMENT APPROACH TO DYNAMIC FRAGMENTATION 495

the results were also compared to finite-element calculations and no significant differences were
observed. Second, the restriction of the problem to a 1D setting permits the resolution of very high
mesh densities at an affordable cost. We are then able to assess unambiguously if convergence can
be attained in the context of the cohesive element approach.

Our model ceramic ring has a radius (Rp) 7.96 mm (the circumference of the ring, Lo =27 Ry, is
50mm). It is made of a material (similar to a sintered silicon nitride) with density 2.75 x 10°kg/m?>,
elastic modulus 275 GPa, fracture strength (o.) 300 MPa and fracture energy (G.) 100N/m. A 1%
random variation around o, is applied at all nodes to help localize the process of fragmentation.
The ring is loaded explosively with different radial speeds (v,). The equivalent strain rate & is
&€=v,/Ro. Each ring fragments through the process described earlier, and fragment statistics are
collected when all the fragments are formed.

3.2. Numerical results

In previous work we have described the dependence of fragment size on loading rate [23, 40].
Here we focus our attention on the numerical convergence of the solution and mostly leave aside
physical discussions.

Fragmentation simulations have been conducted for 13 uniform mesh densities with num-
ber of nodes ranging from 128 to 10°. All these meshes have been loaded at seven different
strain rates ranging from 5 x 107 to 5 x 10 s~!. Figure 5(a) represents the energy dissipated in
the process of cohesive fracture. This includes cohesive elements that have been fully damaged
as well as those that are only partially damaged. For all strain rates considered we observe a
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Figure 5. Cohesive energy dependence on mesh size for ring fragmentation problem.
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non-monotonic convergence. For clarity, we describe the results corresponding to the highest strain
rate, e.g. 5 x 107 s~!. All other strain rates follow a similar behaviour, although convergence is
attained earlier and the magnitudes of energy dissipation are lower due to lesser amounts of
microcracking.

For a strain rate of 5 x 107 s—1 (square symbols in Figure 5(a)), we see that for coarse meshes
the energy dissipated is proportional to the number of nodes in the mesh. This trend is observed
roughly up to a mesh with 5 x 10° nodes. This strong mesh dependence indicates that these mesh
sizes under resolve the fragmentation process. In fact, the constant slope in Figure 5(a) implies
that all cohesive elements end up fully broken and thus the fragment size depends directly on the
mesh size. Although Equation (14) is not directly applicable to a 1D problem we used it to get
an estimate of the cohesive zone size for the material properties under consideration. The vertical
line in Figure 5(a) represents the cohesive length scale based estimate. It indicates that meshes
finer than 165 nodes in the 1D direction should be able to capture the cohesive zone length scale.
Clearly, for this highly dynamic problem, this mesh size estimate is not satisfying, as it cannot
resolve the fragmentation problem. In light of this, there may be a need for alternate cohesive zone
estimates that would include a direct dependence on strain rate. We also note that the dissipated
energy increases up to 10% nodes (mesh A in Figure 5). Although 10* nodes is a relatively small
mesh in a 1D setting, its 2D equivalent is 10® nodes (and 10'? nodes in 3D). Many published
results using the cohesive element approach in a multidimensional space have been obtained with
smaller meshes. We speculate that observations of energy increase with increasing number of
nodes in the literature are due to microcracking being not properly resolved, although the increase
may not be linearly proportional to the node number as boundary conditions may deviate from the
simple uniaxial state of stress studied here. A relevant example is the crack branching simulations
in PMMA of this paper (Figure 3).

A significant finding of this paper is that for sufficiently large meshes one can properly resolve
microcracking. Indeed, for 10* nodes (point A in Figure 5) a maximum in energy dissipation is
attained and beyond that point a smooth convergence is observed. For large meshes (10° nodes,
point B) roughly 1000 fragments are obtained (96, 125, 159, 254, 371, 580, 1000, for all seven
strain rates in increasing order). This finding is very encouraging as it indicates that although
cohesive elements are inserted at many more nodes than necessary most are not severely damaged
and do not impact significantly the energy balance of the problem. Despite this very positive
outcome for cohesive approaches, it is disturbing to notice that the same convergence may not
be observed for meshes much smaller than 10® x 10° = 10!2 nodes in 2D and 10'® nodes in 3D,
which are meshes beyond any available computational power.

The fact that convergence is non-monotonic deserves comments as well. One may wonder
why a coarse mesh (mesh A) leads to more cohesive cracking than a much finer mesh (mesh
B). After all, many more cohesive elements are present in mesh B and these may exhibit more
microcracking. Our initial attempt at explaining this trend consisted in checking if the large time
step corresponding to the relatively coarse mesh A was too big to unload sufficiently slowly cohesive
elements (Equation (25)). However, reducing the time step by an order of magnitude did not change
the results. The problem is not numerical but lies deep into the physics of fragmentation and more
precisely in the inherent randomness associated with generating fragments. Figure 6 represents
fragments size distributions obtained for a ceramic material at various strain rates [41]. We have
shown that a simple universal law (Weibull distribution) captures fragment sizes for all strain
rates [42]. The details of this law are beyond the scope of this paper but the fact that large and
small fragments exist at the outcome of a fragmentation event is not. Figures 7(a) and (b) show
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Figure 6. PDF of fragment size for a ceramic ring under different strain rates [41].
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Figure 7. Fragment size distribution corresponding to: (a) mesh A; and (b) mesh B.

the fragment size distributions obtained for mesh A and mesh B, respectively. The uniformity in
mesh A does not permit capturing the randomness of fragmentation. Even though the number of
nodes is relatively high most fragments vary little in sizes. The highly constrained fragmentation
event ultimately yields a larger number of fragments (and therefore a higher dissipated energy).
Although mesh B is still uniform, the number of nodes is now sufficiently large to obtain a physical
distribution of fragment sizes, Figure 7(b).

Uniform meshes severely constrain the fragmentation event and its desire to randomize fragment
sizes. This explains the non-monotonic convergence observed in Figure 5. A natural question then
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Figure 8. Effect of random mesh spacing on cohesive energy convergence. The dashed line shows the
proposed fragment-size-based estimate; right of this line convergence is attained.

arises. Could random meshes lead to a different convergence pattern? The answer is yes and this
in a dramatic way. The dotted lines in Figure 8 represent the results obtained for random meshes
obtained by shifting each node by a random amount in between £0.4h., where k. is the mesh
size in the corresponding uniform mesh. For this imposed degree of randomness, we obtained a
distribution of mesh sizes with the smallest and largest elements being around 0.2k, and 1.8Ae.
The convergence is now monotonic and, remarkably, it is up to two orders of magnitudes faster.
For a strain rate of 5 x 10° s~!, meshes with more than 10* nodes seem to capture mostly the
fragmentation event (Figure 9). This relatively small number of nodes allows the extension of
the analysis to higher dimension problems. For instance, parallel fragmentation simulations of
50 mm x 50 mm ceramic plates under biaxial loading, for which 10® nodes may suffice, are within
sight. It is also noteworthy that the smoothness of the fragment size distribution obtained for a
mesh with 10 nodes, Figure 9, is remarkably improved compared to those from uniform meshes,
Figure 7(b). Numerical modelling of fragmentation has thus an odd characteristic: uniform meshes
should be avoided at all cost.

Surprisingly, only a slight degree of mesh randomness is necessary for improving numerical
solution convergence. Table I lists the energy dissipated and number of fragments obtained by
imposing varying degrees of mesh heterogeneity. Random displacements of nodes by an amount in
between +0.054. suffice to improve convergence by roughly two orders of magnitude. It is however
possible that an optimum mesh size distribution may be found to achieve fastest convergence. There,
fragmentation analytical studies based on the principle of maximum entropy [43—45] may prove
useful to determine the mesh density functional.

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:484-503
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Table 1. Effect of different perturbation factors on energy dissipated and
number of fragments (for 5 x 10° s h.

Perturbation factor Energy dissipated
(as % of he) (ml]) # fragments
0 3934 2723
5 152.1 1093
10 147.2 1065
15 143.8 1042
20 142.0 1047
25 139.7 1038
30 136.2 1015
35 136.4 1018
40 134.7 994

Copyright © 2006 John Wiley & Sons, Ltd.
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As discussed earlier, at least in a 1D setup, cohesive zone estimates such as Equation (14), lead
to meshes too coarse to capture all microcracking events. It is therefore of interest to establish an
alternate estimate, even if empirical. A key finding of our previous work [42] was that a universal
law may be used to capture the dependence of the average fragment size with strain rate. This
estimate was proposed as an alternate to Grady’s energy-based model [46], which does not take
into account dynamical effects. The proposed equation, which captures accurately a wide range of

ceramic materials, is
L -1
=45 |:1 +4.5 <—) :| 27
€0

where s is the average fragment size, ¢ is the strain rate, &y = (o./E) /1o is the characteristic strain
rate (Equation (18) [36]), and sg = ctg is the characteristic fragment size. These latter parameters
both depend on the characteristic time ty = pcd. /20, (Equation (13)).

Many fragments end up being smaller than the average fragment size. In a 1D setting, a mesh
size that is roughly one order of magnitude smaller than the average size leads to converged results.
Our mesh size estimate, expanded to explicitly present all the material parameters, is

237!
&
he=025(EG./d*) |1+ 4.5 ——— 28
) ( /GL)|: " <c0§/E2Gc> } @

The number of nodes corresponding to Equation (28) is shown by the dashed line in Figure 8.
It seems to be a reasonable indicator of the occurrence of convergence for the range of strain
rates studied. Other estimates, perhaps incorporating time scales such as Equation (25), may be
proposed. Based on these estimates, converged 2D fragmentation simulations are within reach.
3D simulations, on the other hand, remain perhaps too computationally intensive to achieve fully
converged solutions. There, cohesive approaches would be well served to take into account the
poor resolution of microcracking events. Rate-dependent cohesive laws, for which G, becomes
an increasing function of strain rate, are promising in this regard [37,47,48]. In addition, a
worthy research direction consists in checking, for dynamic fragmentation problems, convergence
properties of other numerical approaches. In this regard partition of unity methods [49] as well as
discrete and meshfree methods [50, 51], may lead to faster convergence as crack locations are not
constrained to appear at element boundaries. Initially, these cross comparisons could be conducted
in a 1D setting.

=

4. CONCLUSIONS

The main theme of this paper has been energy convergence of the cohesive element approach
for the fragmentation analysis of a linear elastic material. While the discussion has not addressed
crack path convergence, substantial computational evidence demonstrates, for the first time, that
the cohesive element method converges in an energetic sense, at least in a simple one-dimensional
setting. Microcracking events and the ensuing fragment sizes distributions are statistically mesh
independent for sufficiently fine meshes. Remarkably, convergence was attained up to two orders
of magnitude earlier for random meshes than for uniform meshes, and that even for very small
random perturbations. It should be emphasized that standard cohesive zone size estimates under

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:484-503
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resolve the number of nodes necessary for attaining mesh independence in dynamic fragmentation
simulations. This may explain why energy convergence of the cohesive element approach had
not been previously observed. We have proposed a simple mesh density estimate based on the
dependence of the average fragment size on the strain rate and elastic and fracture material
properties. This estimate provides a clear roadmap for extending the findings of this paper to more
complex loading conditions including biaxial loading of ceramic plates.
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