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1. Introduction

Over the past 60 years, a large number of papers have been written about the properties of
graphene (/), due not only to its defining characteristic as the ultimate two-dimensional (2-D)
electronic system but also to its unique band structure and the strongly covalent features of its
atomic bonding, properties that it inherits from the semimetal graphite. Indeed, the earliest
papers on graphene (2) treat the material as an idealized version of graphite, i.e., a perfect
monolayer of carbon with a hexagonal graphite structure. Despite the apparent simplicity of this
“single-layer graphite” model, the picture of graphene that evolved from these papers is one of
extreme complexity. This is because the relative simplicity of its constituents—atoms of a light-
atomic-number element, carbon, in a simple high-symmetry lattice—favors the application of a
high-powered many-body analysis of the electronic degrees of freedom, which, in turn, predicts
ferromagnetism, superconductivity, charge-density waves, quantum Hall effects, and other even
more novel phenomena. However, in view of the extreme difficulty of creating such monolayer
structures, many of the theoretical results obtained from this extensive research have been
considered irrelevant by technologists. As has often happened in the past, experimental advances
have now overcome the fabrication difficulties to the point that the reality of graphene as an
object of laboratory study is beyond question, and so these theoretical predictions can be put to
the test.

On the other hand, the technological implications of graphene’s physics—its monatomic nature,
excellent electron/hole transport properties, and mechanical strength among others—have driven
an effort to create devices that (it is claimed) could rival silicon-based transistors, and possibly
harness the various exotic properties of the material that have been foreseen by theorists. At this
time, there are still formidable obstacles to making graphene devices and circuits on the scale of
those based on any standard semiconductor-based material, let alone highly evolved silicon
devices. However, interest in graphene devices has now reached a point where models of such
devices are needed that describe the terminal characteristics of circuit components without the
need to track the interior details of the device function. The availability of fast computer
simulations of ordinary semiconductor devices has motivated efforts to incorporate such details
in the device computations, but the problem of long running times for codes based on these
simulations has not been solved.

In this report, I argue that, rather than imitating those models of standard semiconductor-based
devices that incorporate massive ab initio computer calculations—metal-oxide semiconductor
field-effect transistors (MOSFETsS), high electron mobility transistors (HEMTs), metal
semiconductor field-effect transistors (MESFETs), and their ilk—the development of graphene
device models should be evolutionary, i.e., the models should first mimic the simplest standard
models. As a first step in this program, I discuss the simplest semiconductor device—the field-



effect transistor (FET)—treated at the lowest level of device modeling, i.e., Shockley’s gradual-
channel model. My choice of FETs is driven by ongoing interest in radio frequency (RF) devices
here at the U.S. Army Research Laboratory (ARL) and the mature understanding of the high-
frequency behavior of FETs in general. In the course of this analysis, I highlight places where the
unique properties of graphene affect the predicted terminal characteristics and S-parameters of a
possible graphene FET.

2. Description of Gradual-Channel Modeling

This type of device modeling, which was developed by Shockley (3) in the pre-computer era, is
based on highly idealized pictures of the interior fields and currents of the device under study.
For a FET, the standard geometry is shown in figure 1. The device consists of an insulating
substrate for electrical isolation and mechanical support; a conducting “active” layer of width 4
whose conductance can be modulated by varying the 2-D charge density and drift velocity of
carriers in the layer; “source” and “drain” electrodes that contact the active layer; a dielectric or
depleted non-conducting layer of width d on top of the active layer; and a metallic gate electrode
on top of this last layer. Like any transistor, the FET has three terminals, but the most common
configuration for its use is as a circuit two-port, i.e., two of the electrodes (usually the source and
gate) are connected together. In this configuration, the FET converts an input current-voltage
(I-V) pair (gate voltage, gate current) into an output [-V pair (drain voltage, drain current).
Hence, the modeler’s task is to determine two equations for the output electrical quantities,
referred to as “terminal relations.”

V:VG

V=0 V=Vp
Source Gate Drain

- +

Depleted layer Np
Ohmic Ohmic
contact Undebetedh contact

nadepleted |layer N
(Ghannel) b
Substrate (undoped)

- device active region

Figure 1. Typical FET geometry (gallium arsenide [GaAs] MESFET).



When voltages are applied to the electrodes, a highly non-uniform electric field exists inside the
dielectric layer and a current flows within the active layer. The device operation is predicated on
the degree of control each electrode voltage has over the electric field and current: the charge
density in the channel is enhanced or suppressed by that “portion” of the electric field controlled
by the gate electrode, while the drain electrode controls the carrier velocities through its
“portion.” While the concept of a “portion” is necessarily vague, it can be made more precise by
introducing mutual capacitances (active and passive) between the electrodes. Because the
electrodes are asymmetrically placed, it is expected that the current, like the field, is non-
uniform. The distribution of potential within the structure is schematically shown in figure 2.

®N0)=Vs=Vs V(x) (L)=Vp

Figure 2. Relation between internal potential and terminal voltages. The red line indicates the FET channel, the
blue line the gate.

In figure 2, V' (x) denotes the voltage at point x along the graphene layer and Vg Vg.and Vp,

denote the voltages on the source, gate, and drain electrodes, respectively.

The guiding physical principle behind gradual-channel FET modeling is that the current flowing

from source to drain be one-dimensional. Charge conservation then forces this current to be
uniform everywhere. When this is so, the constant source-drain current / D Is given by

1

D =ZhJ = Zghp(V )v(E) (1)

where Z is the width of the FET channel, / is its thickness, and the (fluid-mechanical) carrier
current density J = qp(V) U(E ) . In this expression, E is the electric field along the channel, g is

the electron charge, v () is the drift velocity of the carriers in the field E, p (V') is the three-

dimensional (3-D) number density (algebraic) of charge carriers in the channel, and V' is the
potential “associated” with E. For extremely thin channels, it is correct to introduce a 2-D
density of charge carriers in the channel » (V) = hp(V) , so that the channel current of the FET is

Iy =Zqu(E)n(V).

It is clear that the field £ and potential V" are defined in a markedly inconsistent way. For the
current to be constant, there must be no forces perpendicular to channel, implying that the field £
must point only from source to drain inside the active layer. However, if this £ is the gradient of



some potential V, the latter cannot depend on the voltage applied to the gate electrode, which
contradicts the ability of the gate to control the channel charge. This difficulty is avoided in the
gradual-channel model by assuming that the internal electric field changes direction abruptly at
the boundary between the active layer and the dielectric/depleted layer. The interior field/current
configuration is most easily represented by the circuit diagram shown in figure 3, which is that of
a lossy and non-uniform transmission line.

LC Lc Lc Lc Lc Lc Lc LC Lc Lc Lc LC Lc Lc Lc Lc Lc
Lol L Lo b L L b L Lo b L L b L I 1

R R R R R R R R R Ro Rz Rz Rizs Rie Ris Ris

Figure 3. Lossy transmission line model of FET channel. Resistors ® ] are functions of the local potential difference

between channel and gate.

Although this picture of the internal electric field and carrier transport in a FET is fundamentally
unrealistic, it has proved quite successful in reproducing the FET terminal characteristics, which
points to considerable insensitivity of these characteristics to the detailed internal device
dynamics. For this reason, most of the device models described in Sze’s book on semiconductor
devices (4) start with this model, which makes it an excellent template for comparing graphene
devices with their better-known counterparts.

3. Modeling Methodology

Once the general concepts of the gradual-channel approach are accepted, the physics of the
device operation are needed, that is, we must specify the functions n(¥') and v(E). The former

is derived primarily from the geometric structure of the device, the latter from microscopic
features of the carrier transport.

3.1 Channel Carrier Density
Since V varies along the channel, modeling » (V) involves the dielectric properties of the device

interior. The capacitor-transmission line picture suggests that for a dielectric layer between gate
and active layer,

gn(V)zé(V

: G_Vth):n(V):qid(V

G ®



where d is the dielectric layer thickness and Vt 5 is a threshold voltage below which there are no

carriers in the channel. In the MOSFET literature, this is simply known as the “linear model.” Its
use implies that the terminal characteristics exhibit no nonlinear behavior with drain voltage, and
indeed the MOSFET at this level is simply a gate-controlled resistor. In an effort to explain
current saturation in MOSFETs, Hofstein and Heiman (5) added a variation of n (V) with the

channel voltage V:

-V

Ln(r)==(r V) =00 =V =V ) ®

e G

Within the gradual channel approximation this assumption leads to the I-V curve

AT
I 1,2
In=— [[VG Vth}VD b j (4)

Here we note the appearance of a rather embarrassing feature of the gradual-channel model: for

values of Vp, greater than Vo =V the current / D decreases and eventually changes sign at

2(VG -V, ) . Because such a decrease in current with drain voltage under DC conditions is a sign
of thermodynamic instability, its appearance here must be unphysical. It is tempting to assume
that it arises solely from the poor description of the internal field in the gradual channel model,
which should be fully 2-D, i.e., a solution of the 2-D Poisson equation; however, at least one of
the many gradual channel models for MOSFETs—the Pao-Sah model (6)—avoids this problem

completely without introducing 2-D effects. In this model, the functional form of n (V) is quite

complicated: for a p — MOSFET with semiconductor 3-D bulk charge densities pp 0 (majority)

and npo (minority),

Bly-7)

1 oo P dy

n(V)—znpoq BLDWj F(By, V,A) “
N 5

1/2
F(By, V,A) ={e_BW +Bw+1+Ae_BV (eBW —BweBV —lﬂ

n
L, A= PO , L = 2 is the Debye length for the bulk material,
k BT ppO D chb

oy = pp 0 is the majority-carrier bulk charge density, and v is the surface potential, which is

where 3 =

evaluated from the gate voltage equation:



2 Py Py 12
_ _ &s |, PV BV s _ BV _
1% VFB =y + Bl e +B\|/S +1+4 Ae [e Bwse 1 (6)

Since its introduction in 1966, this model has regarded by designers of silicon-based device as
too awkward and time-consuming to use. However, from the standpoint of designing graphene-
based devices, its formulation includes two interesting features: in-channel ambipolarity, i.e.,
majority and minority carriers switch places within a pinched-off channel; and diffusion, which
may be the key to its success in avoiding the need for fully 2-D computations. Unfortunately, the
treatment of carriers in the channel is based on the Boltzmann equation for a gas of classical
charged particles, which makes it unsuitable for the analysis of a truly 2-D channel, e.g., that of a
HEMT.

3.2 Drift Velocity
At low electric fields, the drift velocity v(E) of current carriers in a semiconductor can easily be
derived from Ohm’s law, i.e., v(E) = u£ , where the mobility i is taken to be a material constant.

However, because most useful devices, including FETs, must operate under large-signal
conditions, this linear result must be generalized to include large fields. One way to do this is to
write v(E)=p(E)E, where pu(E) is derived from transport theory in bulk material. Because the

derivation of p(E) is a difficult problem even in this case, it is common practice to specify it

empirically (7). From the standpoint of device design, the most important requirement for such
an empirical description is that ji( £)) incorporate the experimentally observed saturation of the

carrier drift velocity v(E) in most semiconductor materials. For graphene FETs, this exercise is

highly useful. Several types of drift velocity relations are considered here, among them

3.2.1 The “Simulator” Model
V(E)=—"— (7)

sat

This expression (7) is commonly used for silicon (Si) devices and was in fact used recently by
Meric et al. (8) to model graphene. In appendix A, it is shown that it leads to the I-V relation

Zqn, "D
TO [ n(V)av
I, = 0 ®)
D i,
1+ ‘VD‘
LUsat



Using the MOSFET linear model for the channel, we can find the I-V relation explicitly.

"p "p !
€ € 2
VydV =— V. —V\|dV=—|VV—=V
Fawyar =5 Plig-v)ar =2l vt -5
AT
0 L) 9)
Ld (VGVD 2VD )
=1 =
D MO
1+ 7p
Losat

Like the MOSFET model of Hofstein and Heiman, this model exhibits the problem that for

values of Vp, greater than y e the current / D decreases, and eventually changes sign at W

This shows that the introduction of velocity saturation is not an automatic cure for the problem of
thermodynamic instability.

The expression for p(E) given previously is often used in numerical simulations, but its

empirical nature suggests that is has very little physical content. Device models based on hot-
electron transport, of which we will discuss two, are much more interesting:

3.2.2 Electron Heating Due to Phonons

The following velocity-field relation, which is derived from inelastic scattering by optical
phonons in Conwell (9), is occasionally used in more detailed numerical simulations:

v(E)= — (10)
E
1+(M0}
Usat

A derivation of the I-V curve that corresponds to this expression is given in appendix A . This
expression differs markedly from the “simulator” result:

V 2
D ) ]D
IDL:ZqMO [ J|n()" =| =—=—| dV (11)
0 qu)sat

A related but slightly different velocity-field relation, derived from inelastic scattering by
acoustic phonons:



(12)

Despite the similarity of equations 11 and 12, the latter gives a rather strange result for the I-V
curve:

2
1 2,4 Mo
Iy = 7 L +4(U—J n(V)dv |-L (13)

2ng D
Z g

Zqv

sat

These two expressions will be discussed in a separate report.

4. Gradual-Channel Models for Graphene

With regard to device modeling in general, there are four peculiarities of graphene that
distinguish it from bulk materials:

1. two-dimensionality

2. ambipolarity

3. zero band gap

4. aconical 2-D band structure

In this section of the report, I examine the impact of these features on three kinds of FET models,
which differ in the way velocity saturation is modeled. My analysis focuses on the stability of the
I-V curves (10), which is an important criterion for the usefulness of any FET model. I define a
DC I-V curve as stable if it has no regions where drain current decreases with drain voltage.
Stated another way, a stable DC I-V curve should exhibit no regions with negative AC output
conductance. Since this parameter, along with the transconductance, are needed to specify the
full low-frequency AC response of the FET and the AC equivalent circuit, stability of the I-V
curve impacts predictions of microwave performance, i.e., the S-parameters of the device.



4.1 Modeling by Meric et al.

The first step to modeling a real FET structure is to incorporate a varying channel voltage into
the expression for the channel charge density n (V) . In their paper (8), Meric et al. provide such

an expression and use it in their initial effort to model the microwave response of a graphene
FET. Because the authors wanted to study the role of ambipolarity in the functioning of their
device, they equipped it with both a top and a back gate (figure 4), where the latter is used to
“dope” the FET by electrostatically generating either n- or p-type graphene concentrations
analogous to MOSFET channels. In what follows, I will discuss this FET model using data from

their paper, denoting voltages on the top and back gates by Vogt and Vgp, respectively.

V=0 V=V
Ohmic Lg LD 4 Ohmic
contact [N« «— > contact
Dielecttic layer 1 (HfO,)
Graphene
layer

Dielecttic layer 2 (SiO2)

Doped Si back gate

V=Vgsp

- Device active region

Figure 4. Dual-gate graphene FET structure of Meric et al.

In providing an expression for the channel carrier density » (V) , Meric et al. incorporate an

additional peculiarity exhibited by graphene films: the existence of a “minimum conductivity” in
the graphene channel, due apparently to ambipolarity. They do this by assuming that the
minimum conductivity corresponds to a minimum carrier density 1y and then using the

following (empirical) expression for the function n(V) , which is now the total number of mobile

carriers:



n(V)= \/”02 ; (cgst /q)2 (V Vst =V )2

C
v, 0+ 22 gsb (V _y 0)
Cg gsb  gsb

(14)

Vin =Vgs

The fact that this expression has a minimum at some voltage obscures the fact that neither the
number of electrons nor the number of holes has such a minimum. It therefore sidesteps much of
the discussion of ambipolar transport, but this is legitimate if electrons and holes have identical
mobilities, which may be the case in graphene. The expression contains as fitting parameters two

threshold gate voltages 1/ bO Vgs tO at which the minimum carrier density Mo is reached as the

back and top gates are varied separately. The design numbers for this FET are

Z=21pm C gy = 552 nFlem’
L=1.0pm
2 Vg =145V
g =550 5 (15)
Vs Cgsb =12 nF/cm
=1.><108 cm/s
F v,0=27V
ny =5x10tt em™> &

where Z is the top gate width, L its length, Mo the channel mobility, v r the Fermi velocity for

an infinite graphene sheet, ny the minimum channel density, ¢ the capacitance between the

channel and top gate, and ¢ . the capacitance between the channel and back gate. Using these
&S

numbers and a back gate voltage of —40 V, they arrive at a threshold voltage for the channel of
Vth =238V.

To model velocity saturation, they use the simulator expression, which leads to the following
formula for 7 D derived in appendix A:

un Vs
f n(VYdV
_ 0
ID— L (16)
1+ 0 ‘Vds‘
Vsat
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Although they have written several papers relating to this modeling effort, Meric et al. are

unclear as to the value of the saturation velocity v ., although they mention the number

55%107 cm/s (8). They justify their choice of the simulator expression (equation 16) implicitly
by referencing to reference 7, but presumably simplicity was a factor as well. However, because
this expression was developed for bulk-semiconductor devices, its use for graphene is open to
criticism. One consequence of its use is the prediction of I-V curves that have a point of
inflection, or “kink,” when the biases drive the Dirac point into the channel. Their experimental
curves do indeed show such a kink; however, the extent to which the latter can be explained by a
gradual-channel model needs testing.

Because the expression for the I-V curves is explicit, it is easy to apply a stability test to it by
computing the differential output conductance. From appendix B, we find that

V
u n ds
[1+ 0y Jn(V )- 0 T n(r)ar
Lo ds ds) Ly
sat sat 0 @(V )
2 ds
Ho
1+ Vds
Ap Ay sat (17)
dVds L Ho Mo Vds
1+ s 1V ) - n(V)av
Lv S ds) Ly
+ sat sat 0 ®(—V )
" 2 ds
{H 0 VdsJ
Vsat

where / D is given by equation 16. In appendix B, it is shown that the condition that this quantity

always be positive is that

Vs > 0= Zqogn(Vy )> 1
Vs <0= Zqogn(Vy )> 1,

(18)

It is clear that if this inequality is violated, the violation will occur within a certain voltage

dID

interval [V_ , V+] bounded by points where = 0, points that mark a peak and

V
ds —
Vds Vi

an adjacent trough in the S-shaped I-V curve. As the gate voltage is varied, this interval shrinks

11



to zero, at which point V_= ¥V, . Denoting the common value of V_ and V, by Vc, we see that

two equations

d
—D =0 (19)
av,

Vds B Vc

2
"Ip _
. =0 (20)

dv,

Vs =V

are satisfied there simultaneously, so that the curve becomes almost flat. The second equation is
the condition for a point of inflection in the I-V curve, i.e., a “kink.” It should be emphasized
that equation 19 and equation 18 can hold at the same time; indeed, these conditions are required
for the presence of a physically acceptable kink. If V_ # V., there will be two points where

Let us demonstrate this for the expression used in reference 8. Since

C 2
_ gst _ _
n(V4 )= IJ{—anJ (Vast Vs V) - 21)
we find explicitly that
VD " ' '
(j) n(V)dv =Z[9gs _egd +cosh 6 g sinh 6 g —cosh@gd smh@gd} (22)
C
where A = gt and
nyq
04 =sinh ™' 2 (Vg =V =V, O =sinh ™' 2 (Vg =7 ) (23)

Figure 5 shows plots of 7 p versus Vv s and Vgst for three values of top-gate voltage for the

transistor specified by the numbers given in reference 8 and listed above, along with a (rather

low) value of 2.5 x 107 cm/s for v For this transistor the threshold top-gate voltage for

sat -
negative conductance is 3.58 V. The blue curves are below the threshold voltage for negative

12



conductance, and show a kink with positive slope; the red curves are for a device gated at
threshold, where the kink has zero slope; and the yellow curves are for a device gated above

dl
threshold and have a region of negative conductance. The output conductance s q= D and
Vds
dl D
transconductance g, = are shown in figure 6; the absolute value of g, is plotted in
gst

accordance with reference 8.
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v — =
Vs, V s Vs, V
0o 0.3 1.0 1.5 2.0 2.5 30 1] 2 3
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Figure 5. (a) Ip vs. Vy for the simulator model and (b) Ip vs.

Vgs: for the simulator model.

sd, m3

10—
0.

0.6

0.4

Nz

-0zt

(@)

Vs, WV
0

Abs(gm), ms
1.0

0.3
0.6
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Figure 6. (a) s, vs. Vy, for the simulator model and (b) |g,,| vs. Vy, for the simulator model.

For the real devices Meric et al. investigated, it was necessary to include series “access”
resistances associated with the source and drain contacts, leading to the following modified I-V

expression (/1):
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quO Vds _J_RSID

n(V)d V
LRIy
I, = 5 (24)
D Mg
1+ ‘V “2R 1 ‘
d.
Lug,, | ds s D
which is now an implicit equation for the current. From appendix C, we find that
240 gqn(V —RSID)—ID ofy _an 1
Ko uno ( ds s D)
1 V, —4R 1 —R V, =R 1 R
dID _ Mo +L0sat( ds SD)Jr L s[n( ds sD)+n( SD)}
&V Lugy unsatn(Vds —RSID)+ID oy vk i
" n Zqu (_ ds s D)
1= ° (Vds _4RSID)+ ’ Rs [n(Vds _RSID)+H(RSID)]
Loy, L 25)
Then the condition that this quantity always be positive is that
V4 > 2R 1 = Zqoggn(Vy =R 1, )> 1) -
Vo <2R 1= unsatn(VdS —RSID)> -1
which clearly reduces to equation 18 for no access resistances.
Using the expression introduced in reference 8:
) 2
n(Vys =R )=ng\ 142" (Vs =V =V 4 R 1) 27)

we again find explicitly that
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ds “s'D 1
. jI (V)dv =550 [Ggss —0, —coshegds smhegds +cosh 0 g sinh egSSJ
s D
2
- - 2 - - 28
n(V RSID)—nO\/1+k (Vgst Vs * Rilpy =Yy | =mgeosh (28)
2
_ 2
n(RSID)_nO\/Hx (Vast =Rl =V | =1 coshBgs
and
— ginh~ ! _ _ _sinh~! _ _
0 ygis =Sinh ™ AV =V + R Iy =V, | Ogss =sinh ™ A(Vgg =R 1) =V, ) (29)

Figure 7 again shows plots of p Versus v, and 7 . for the same three values of top-gate
s gs

voltage, for the same transistor and numbers given above, with a value of 700 Q for the access
resistance Rs . Since the expression for / D involves an implicit function for nonzero RS ,

evaluation of 7 D requires a numerical calculation; once it is computed, however, it can be

dl

inserted into the expressions for D The output conductance s , = D and
d av
ds ds
dl
transconductance g, = a7 are shown in figure 8.
gst
Id, ma Id, ma
1.0 ; 1.0
0.8 1 0.8f—
0.6 /| 0.6 - S A o
- ™ ] g
04 " 0.4 N /
-~ / - N /
02 | 0= AN =
.—-"/"—(-— — - ""\.____.—- -/f—-)
Vs, V Vs
0 1 2 3 4 T R R S
(a) (b)

Figure 7. (a) Ip vs. V4 for the simulator model with access resistances and (b) I vs. Vg, for the simulator model with
access resistances.
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Figure 8. (a) 54 vs. Vy, for the simulator model and (b) |g;,| vs. Vy, for the simulator model.

Let us compare the results of this calculation with the results for no access resistance. Note that
the overall current output is suppressed, which is unsurprising; in addition, the conductance is
much larger, a more obscure consequence of the additional 1400 Q of access resistance. The
threshold top gate voltage for kink formation is found to be 4.01 V, an increase over the value for
no access resistance. Figure 8(b) shows curves similar to the experimental curves given in
reference 12, including curvature to the left of the peak that is absent from the curves for
transistors without access resistance.

4.2 Corrected Version of Simulator Model

The authors of reference 12 mention (and then seemingly discard) an interesting feature of
carrier transport in graphene: the saturation velocity appears to be a function of carrier density, a
phenomenon that has never been reported in ordinary FETs. To incorporate this effect, they

B

make use of a semi-empirical dependence v (n)=v F (— - (XJ , where o and 3 are fitting

Jn

parameters (¢=0.07). The use of this function in simulations is problematic, since it allows v .

to become negative. The proper form of the I-V curve with this feature included is derived in
appendix B, where we also replace the semi-empirical dependence with the following more
reasonable approximation: since

. B B _ B( o j_ B
lim = ~1-=\n |=—=—aq, (30)
n—)O\/;+(l;€n \/;[14_;\/;] \/Z B

Bv
we can replace v, . (n)= Vg (% - OLJ by v, (1) = r with little error. This

O )
procedure gives us a well-behaved dependence on n everywhere except at very low carrier
densities.
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The derivation given in appendix A is correct until we reach equation A-4. In order to include the
density dependence of the saturation velocity, we need the expression

Va’s

[ n(VdVv
0
Iy = % (31
Ho | ds dv
I+ [ —————
L1y Usat(”(V))

Zqu,,

BUF

Using the “repaired” expression v, (n) = ———— gives
ﬁ(n“&j
p
Zgp
0 Hl
I = L (32)
D H
0 |a
I+ —Hl +H2‘
BUFL B
where
V 14
ds ds
H = (j) n(V)dv — H,= (j) Jn(V)dv (33)

2
V=V 5 ) , we can evaluate these integrals. The first one was

Since n(V)=n0\/1+7»2(V f

g

evaluated in the previous section:

Vs ds D) 2
H, = (j) n(V)dv =n, (j) R e

(34)

1 2| 4 : :
=" [C—][Ggs _ega’ +cosh 0 g sinh 6 g —coshegd s1nh6gd}
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where & =sinh~ lk( =sinh ™ 17»( -V
gas

T V s ) . The second integral is

gst Vi ) Ogq = gst

more challenging, but it too can be evaluated in closed form:

V

1/4
2
1/2 2
deV—n {Hx (Vast - Vth—V” v
sinh O coshe —sinh 6 coshe (35)
g5/ N
_1 3/2( q J
=—ny y .
3 ¢ ( /sechegs | ] ( /sechegd lzj

gast

where cn~ 1 (x | %j is the inverse function of the Jacobi elliptic cosine cn(x | %) .

For the stability check, we take the same derivative as before:

I 1
D L N e e PR 8 SN Lo NP TIPS SN %S
av, L n ®(VdS)+ n ®(_Vds)
ds 140 {O‘H +H} -0 {aH +H}
BUFL B 1 2 BUFL B 1 2

If we calculate the I-V curves of a graphene transistor using the parameters of Meric et al. and
the corrected model, we get the curves shown in figure 9.

Id, & Id, m&
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05 . .f/ - ~ 1
L ..::l" I:I.{ r — o — /__’__— —
WVis, WV L = Vgs, WV
1 2 3 4 ) f 1] 1 d 3 4 5 fi
(a) (b)

Figure 9. (a) Ip vs. Vg in the corrected simulator model and (b) /pp vs. Vg, in the corrected simulator model.
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We find that while a kink is still present, there is no trace of negative resistance in the voltage
intervals shown. This feature of the corrected model is easier to see from a detailed comparison
of the I-V curves shown in figures 10—16, where the corrected model predicts a lower current at a
given voltage as the top-gate bias increases, with negligible negative-slope tendencies. Further
computations indicate that the onset of an unphysical region in the I-V curve is postponed to a
higher voltage (5.21 V) for the corrected model, but the actual negative slope is still extremely
small for voltages as high as 7.58 V (figure 8a). This indicates that the corrected version is a
more reliable guide to the transistor behavior over the range of drain and gate voltages of
interest.
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Figure 10. Ip vs. Vy for Ve, = 3.18 V, blue curve-uncorrected model, red
curve-corrected model.
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Figure 11. Ip vs. Vy for Ve, = 3.58 V, blue curve-uncorrected model, red
curve-corrected model.
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Figure 12. Ip vs. Vy for Ve, = 4.18 V, blue curve-uncorrected model, red

curve-corrected model
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Figure 13. Ip vs. Vy, for Ve, = 4.58 V, blue curve-uncorrected model, red

curve-corrected model.

Id, mé

304 S m—

2.“E

2.D§ r/ P

1"E

1.13g f“//
5/

05}

1 2 3 4

lf:l””FJ

Wids, WV

Figure 14. Ip vs. Vy for Ve, = 5.18 V, blue curve-uncorrected model, red
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Figure 15. Ip vs. Vy, for Ve, = 5.58 V, blue curve-uncorrected model, red
curve-corrected model.
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Figure 16. Ip vs. Vy for Ve, = 7.58 V, blue curve-uncorrected model, red
curve-corrected model.

Also of interest are the output conductance and transconductance predicted by the corrected
model compared to those of the uncorrected model, which are shown in figures 17-22. For the
transconductance the difference between the two models is not large, but the suppression of
negative conductance is clearly seen in the output conductance for the corrected model. The
more rapid decrease in the conductance away from the origin for the corrected model is also
apparent.
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Figure 17. g, vs. Vg for Vg, = 3.18 V, blue curve-uncorrected model, red
curve-corrected model.
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Figure 18. g, vs. Vy, for Vg, = 3.58 V, blue curve-uncorrected model, red
curve-corrected model.
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Figure 19. g, vs. Vg, for Vg, = 4.18 V, blue curve-uncorrected model, red
curve-corrected model.
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Figure 21. sp vs. Vy, for Ve, = 3.58 V, blue curve-uncorrected model, red
curve-corrected model.
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Figure 22. sp vs. V4 for Vg, = 4.18 V, blue curve-uncorrected model, red
curve-corrected model.

5. Conclusions

It is interesting that the simulator model used by Meric et al. produces a negative resistance as

soon as the channel current exceeds the maximum allowable current zgv t”(V ds) at the drain

end of the device. In standard two-region FET models, it is customary when this current is

reached in part of the channel (the “saturated velocity region”) to “pin” the variation of the

channel density with respect to g beyond this point. In such “two-region” models (/3),

increasing V’ s then increases the portion of the channel where the velocity is saturated, which

increases the current slowly, and the device is defined to be “pinched off”” once the entire

channel is saturated and the current is a function only of the gate voltage. The saturation current
that flows is referred to as / dss” Two-region models do not exhibit negative resistance, but this is

because of the ad-hoc division of the channel into segments.

Thanks to the papers by Meric et al., it is clear that simple modeling of the DC and microwave
responses of graphene FETs is feasible. It is, however, important to choose a model that includes
as many of the peculiarities of graphene as possible, in order to avoid a misleading picture of
device function leading to false predictions and design errors. This report will be followed by a
“physics-based” modeling effort, in which the model described here will be “fleshed out” with
more realistic features.
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Appendix A. Derivation of I-V Curves From Velocity-Field Relations

Three types of drift velocity relations are considered here

A-1 The “Simulator” Form

HOE

E——
1+MOI |

v(E)= (A-1)

Usat

includes an absolute value function, which is an attempt to reflect the vector character of the drift
velocity. In order to use this expression, we first write the local current in the channel at point x
as

I (x)=Zao(E(x))n(V () (A2)

Three electrical quantities — field, potential, and current — are connected by this expression, but a
second relation is needed. To derive it, we first solve equation A-2 for E. The absolute value in
the denominator makes this slightly tricky.

E E
Iy =Zan(V):>ID (1+ MO| |J=ZQM0E n(V)
1+“0 |E] Vsat
Ysat (A-3)
Un | E Un |E
= Zquyn(V)|E|= |11+ 00|t|‘_‘ID‘(1+ 00|t|]
a sa

since the denominator in equation A-1 is always positive. Then
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‘1 ‘ (A-4)
SR
1
unon(V)— 0 ?
sa
From this we get
oo
1
1+“0|E|=1+ ‘ ‘: Zqpyn (V)‘ ‘ 1|E|=1_Z lVD)‘ (A-5)
Vgur ko llp Hollp “0 qn\¥ )Vsat
unon(V)_ 0 unon(V) 8 g
sat sat

We now integrate equation A-1 over the distance x from source to drain, whose separation we
call L:

(L L IR VRPN . B
I dx=2q| ———=n(V)dx=2Zqn l-——F——— |n(V) Edx (A-6)
o P 01+“0|E| Ol Zan(V)vgy,

Usat

But the constancy of / p says that the left side of this equation is just / pL- As for the right side,

note that £ = d—V = Edx=dV , so that

dx
I L=Zgpn - n(V)dv
b 0 0 an(V) sat
(A-7)
Zgn ds ds
() 3 dv
=1 = j n(V)dv ‘ ‘
where V s is the source-drain voltage.
V V
, uno ds Ro ds qy ,
Let us label the two integrals a = j n(V)dV and b=— | , so that the equation
L 0 VYsat
to solve is
1 :a—b‘]D‘ (A-8)
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The integrals a and b have positive integrands; hence, they have the same sign as the drain
voltage V', . Figure A-1 shows plots of the functions f (I D) =1y and g( ) a- b‘ ‘

ds
wr W
. p
150 . 15| S
™ /
™~ ~
e -
e ~
juys S wl e
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™ Iy
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\\ Ve
ir ~, 5F e
" Z
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e - — -,
1 — — - \ -I__'—— — 1 |-__'—— __ 1 o 7 1 — — )
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Figure A-1. Plots of the functions f(x) =x and g(x)= a—blxl for(a)a=3,b=2anda=3,b=04and
(bya=-3,b=-2anda=-3,b=—-04.

For V s 0 (figure A-1(a)) and V' s < 0 (figure A-1b); the intersection of these functions

defines the solutions to equation (A-3). It is clear from figure A-1a that equation A-8 always has

a positive solution, and in addition a negative solution if » > 1; likewise, figure A-1b shows that

equation A-8 always has a negative solution, plus a positive solution if » > 1. We reject the

additional solutions as unphysical, in which case we easily find that

lab v, >0 )
+
I = =] =— A-9
D7 4 DT (A9)
—_— V. <0
1-b ds
and so the I-V curve is
unons
Y | n(V)dV
_ 0 ;
ID— V (A-10)
ds Jqv
07
0 Ysat

In a bulk semiconductor the saturation velocity is a material quantity and therefore constant with
voltage. Then it comes outside the integral, and so we have simply
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=0 T a(ryar
I = 0 (A-11)
D ™
1+ ‘Vds‘
LUsat

where the nonanalyticity at s 0 is worth noting.

A-2 Hot-electron Physics of the Channel

Hot-electron physics of the channel leads to the following expression, associated with scattering
by optical phonons:

HoE

2
naE
1+(0 }
Usat

This resulting I-V curve differs markedly from the form derived in section A-1. Again we solve
for E:

v(E)= (A-12)

2
E 2 1
1D2+1D2[S0 ] = zanyn (V)| E* = E= zD = (A-13)
Sat \/[Zq“O”(V)} ~[olp /Vsar |
and as before,
2
2 2 Zan(V )V
N S N sa
2 2
| Zawgr ) | ~[ g7 Vs |
so that
V 2
Zqn, " d I
1D=—0 P 1{¢} n(V)dv (A-15)
L 0 Zan(V)vg

A-3 Drift Velocity Associated with Acoustic Phonon Scattering

For the drift velocity associated with acoustic phonon scattering:
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solving for E gives

I, = Zqo(E) 1 (V)
+\/4+ HOE/Usat

2
D{1+\/l+ 2“0E/Usat } 2un0En

2
2., 2
=Ip +ip (2“0E/Usat) (ZquOEn( ) ID)

2 2
= 1% (20 E fogg ) E* = 4(un0n(V)) E® —aZquyn (V)1 E

Zgu n(V)I
_ 0 D
=E= 2 2 5
(Z(]HO”(V)) _(uo/osat) Ip
1 Zq”(V)]D l’lOE an(V)DsatlD

= — = =
2 2.2 2
"o (ZQ”(V)) _(l/osat) Ip Usat (an(V)Usat) _]Dz

Setting 1, = Zqn (V') v .. we find that

Since Isatz > ]D2 , we have
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2 2 2
Hsarlp Isat” *1p 2Usqy
I+ |1+ 1+
sat” ~Ip sat. ~Ip” st ~Ip
2 2 2
1 2 :Isat —ID :1_1
2 2
2 Isat Isat
Then
Mo E Vas n(V)dv
IDzqu zn(V):]DL—quO | 1 >
0
2+\/+(u0E/usat> +\/4+(“0E/Usat)
14 2 V V
ds ds ds 174
:uno | n(V)|:1L2:|dVZqMO [ n(V)dV—unolDz [ n( ) v
0 Lsat 0 0 [an(V)U at]
14 V |4 14
ds K ds qy wy ds gy ds
0 2 0 2
=Zgu, | n(V)dv - I | = | InN“+I1nL=Zqu [ n(V)dV
0 2°D n(V 2 n(v)| D D 0
0 Zqosat 0 ( ) Zqosm 0 ( ) 0
2y 4
v ds ds
=Ip= : ? +4) 0 PN ayar | -1
w7 v n(v)
Ho ‘I”S av sat 0 0
Zqv 2 0 n(V)
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Appendix B. Stability of Meric’s I-V Curve Without Access Resistance

First, we calculate the output conductance:
v

uno Vds ZCIMO Vds ZC]HO ds
— [ n(M)dV  ——= [ n(V)dV — [ n(V)dV
L o L o L o
Ip= m - m (Vs )+ m (7as)
I+ 0 ‘Vds‘ I+ O v, - O v,
Ysat Ysat Ysat
Zqu,, Vis Zqu,, Vs
il — [ n(V)dv — [ n(V)dv
D _) d 0 o(r, )+ d 0 o)
v, v, Ko ds av, Mo ds
S+ s 1- Vs
Losat Lusat
ZCIHO Vds Z o Vds
R 0T wwyav
_| d 0 oV, )+ d 0 o(-¥,)
dv m ds) " | ay m ds
* L ds L ds
Ysat Ysat (B-1)
V
Z
Mo E L yar Zang "o v
J L ”(Vd) Lv Zgp, " ds
0 __ L o sat 0 Vv
v u S n 7 )
s R e /A P ’
Log,, Log,, - Lo, ds
(B-2)
v
1) u ds
{u 0 dan(V ¥ 0 [ n(r)ar
. un() Logys Loggs 0
B 2
L 1,
1+ s
Losat
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ds

2
i, Zqw, Logqy ] (B-3)

v, L 14
ds u Ho ds
Ll— 0 Vdan(V )+ n(V)dv

ds

Zqp U
0 0
n\Vv, |- 1
D _
L ( ds) LVgas an(VdS)Usat 'p V, >0
ds
18 18
1+, Oy
Lusat B 0 Lusat (B'4)

| Zgun m Lv

On(V )+ 0 ID sat an(Vds)Usat+[D
L ds) " Loy,

M0 ds Lo

d.
L Vsat 5

1-

Then for V' s > 0 we get stability when

u n
7 [1+L ° Vdan(Vds)_L ’
dl D _ q“() Ysat Ysat 0 >0

2

dv s L i,
I+ V s

Logyy (B-5)

Vds

Zqp
0 0 _
= unsatn(Vds ) > L HO ds

while for V P < 0 we have
s
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dl

D sat >0
2
dVdS L 1 i ,
Loy ds (B-6)
Vds ( )d
n(V)dv
2
:unsatn(VdS)>— 7 " :_Ids
p— v,
Lv S
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Appendix C. Small-Signal Parameters From Meric’s I-V Curve Without
Access Resistance

C-1 Output Conductance

an(Vds)Usat —ID . 0
M dS >
0
1+ s
~ dID ~ “0 Lusat
S = =7 (C-1)
Vd Yoat an(Vds)Usat""[D y 0
M dS <
0
1- Vds
Lusat

C-2 Transconductance

In this section, we make the dependence of n on both gate and channel voltages explicit, i.e., we

write n(V) as n(V,V j Then
gast
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— [ n| V.,V dv — [ ——n|V,V dv
L gst dI L o dVg \ gt
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Appendix D. Stability of Meric’s I-V Curve With Access Resistance

Again, we calculate the output conductance:

uno Vds _RsID
o T L nyar
L r7
I = s D
D ™
1+ v, ~2R ID‘
L‘)sat N (D'l)
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d Vds _Rs [D d Vds B RSID RSID
ds RsID ds 0 ds O
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Appendix E. Small-Signal Parameters From Meric’s I-V Curve With Access

Resistance

E-1 Output Conductance

Zqosmn(VdS —RSID)—ID
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E-2 Transconductance
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Appendix F. Modeling of Graphene FETS Using Meric et al. With Corrections
(No Access Resistance)

The derivation used in appendix A is correct until we reach equation A-10. For tracking the
density dependence of the saturation velocity, we need the following expression:
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Appendix G. Evaluation of Integrals in Electrical Parameters of Graphene
FETS Using The Corrected Model of Meric et al. (No Access Resistance)

2 2
Since n(V') = \/nOZ + (Cgst /q) (V - VO) , we can evaluate the integrals that appear in the

FET electrical parameters:
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Appendix H. Small Signal Parameters for Graphene FETS Using the
Corrected Model of Meric et al. (No Access Resistance)

We already have the output conductance:

1
__ D o
n(VdS) ZQBUF{ n(VdS)+Bn(Vds)}®(V )
by [a D
e P 1+BU 7 EH1+H2
g _ D _ q“o F
d qv L I
ds D o
(g ) { n(VdS)+Bn(VdS)}
o ofp)|
- —H1+H2
BUFL p
1 o
zunn(VdS)_B{ )=l )}\ID\
- v L
F +1‘H2+OLH1‘
o p
For the transconductance we proceed as before:
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0 gst
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= (H-4)

= (H-5)
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List of Symbols, Abbreviations, and Acronyms

2-D

3-D

AC

ARL

DC

FET
HEMT
I-v
MESFET
MOSFET
RF

two-dimensional

three-dimensional

alternating current, nonzero frequency

U.S. Army Research Laboratory

direct current, zero-frequency

field-effect transistor

high electron mobility transistor

current versus voltage

metal semiconductor field-effect transistor
metal-oxide semiconductor field-effect transistor

radio frequency
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