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1. Background

The response (y) of an armor target to a ballistic threat can be characterized as penetration

(y = 1) or non-penetration (y = 0). This is called a binary quantal response (QR), since there
are exactly two possible outcomes. All other factors being constant, one may consider the effect
of threat velocity (the stimulus) upon penetration (the response). The basic model for this
interaction is that penetration is random, shots are independent, and that the probability of
penetration is some function G (v) of velocity,

Prly =11v] = G(w). )

So y has a Bernoulli distribution conditional on velocity with Bernoulli parameter G (v). Of
course, G is bound between 0 and 1, and one expects that G is an increasing function of v. Thus,
G has the functional form of a cumulative distribution function (cdf).

Of particular interest is the vs,, that velocity for which the probability of penetration equals 1/2.
G(vso) = 0.5 )

Analyses of the v, and other quantities of interest are conducted by collecting samples of
penetration responses and velocities, estimating the function G, and performing statistical
inference on the results. This general paradigm is commonly known as “sensitivity analysis.”

2. The Location-Scale Sensitivity Model

Quantal response (penetration) y € {0,1} to a continuous stimulus (velocity) v was originally
modeled by using the standard normal cdf for a response function

1 Z
Gz=—f exp(—u?/2) du 3
and then estimating parameters m and s in the model
v—m
Ely | v] = G, (——) = Prly =11v], 4

where y has the indicated Bernoulli distribution, by the method of maximum likelihood (ML).
This is the location-scale parameterization. In general, cdfs Gg of location-scale distributions
have the form



Go(v) = G, (=2), ()

where G, is a standardized cdf. Then the parameter vector is 6 = ['Z ] where the location
parameter is u and the scale parameter is o.

The aim of analysis is to estimate the parameter 6 and then make inferences and perform
statistical tests on meaningful population parameters such as vg,. With G, chosen such that
G,(0) = 0.5, then Gg(1) = 0.5 and u = vsy. Thus, inferences on the parameter u are, in fact,
inferences on vg,.

3. The Linear Sensitivity Model

Response (penetration) y € {0,1} has expected value depending on stimulus (velocity) v,
Ely | v] = G,(by + biv). (6)
The conditional distribution of y is Bernoulli with the indicated mean, so
E[y | v] = Go(bo + byv) = Pr[y = 1 v]. ()

If G, is an increasing function, then the response function G, must be a cdf.

This is a linear parameterization,

Gp(v) = Go(by + byv), (8)

. b : . : .
and the parameter vector is § = [bo]' To admit additional complexity, these models recognize
1

the argument of G, as a polynomial and thus have

E[y | v] = G,(by + byv + byv? + -+ + b v") )

for finite k, where k = 1 in the previous example.



4. Generalized Linear Model (GLM) Estimation

Quantal response function estimation can be implemented using the Generalized Linear Model
(GLM) with binomial response distribution and appropriate link functions. (See, for example,

McCulloch and Searle.?)

The response y has expected value depending on stimulus X and S (both vectors)
E[y | X] = Go(XB).
The distribution of y is Bernoulli with the indicated mean, so

Ely | X] =G,(Xp) = Pr[y =11X].

For sensitivity modeling the link function G, is usually taken to be a continuous cdf.

Some authors call the inverse function Q, = G, the link.

GLM estimates the linear coefficients 8 in the linear model

Qo Ely | X] = XB.

Common choices for G, include the normal cdf (probit link)

1 z
G =— —u?/2)d
(] (Z) miwexp( u / ) u
and the logistic cdf (logit link)
Go(2) = 1+e %

(10)

(11)

(12)

(13)

(14)

5. Reparameterization

Estimation and inference on the location-scale parameter 8 is of particular interest, since

U = Vs, but the usual GLM estimate provides the linear parameter 8 and its variance estimate

Vp. Since

1McCuIIoch, C.; Searle, S. Generalized, Linear, and Mixed Models; John Wiley & Sons: New York, 2001.



v 1
bo+bv=——=——4—v, (15)
o o

the location-scale parameter is obtained by

_ 4] _ [~bo/b1
o=[51=1"0) (16)
The location-scale variance estimate is given by the variance transformation of equation C-19 in
appendix C.

dot de

V9=E'Vﬁ'@- (17)

The required derivative is

do _ [du/db, da/dbo]_[—l/b1 0 ]__i b, 0
dg ~ ldu/db, dojdb,| ~ lbo/b} —1/b2l ~  bZl-by 1I (18)

In practice, to avoid numerical instability, computations are conducted using the standardized
stimulus

u= , (19)

where v,, and v, are, respectively, the sample mean and standard deviation of v, and the
. . ay
parameter vector is a = [ al] so that

av a v — 1
1m)+—1v=bo+blv=—#=—E+—v. (20)
Vs o o O

ao + alu = (ao -
vS

Thus, the location-scale parameter 6 and its variance estimate V/, can be recovered from the
standardized linear parameter a and its variance estimate 1/,. These are

o=l =" e @)

and



dot do

- .V . — 22
Vo da Va da’ ()
where
a6 _ 1du/dag da/dao] [ vs/aq 0 ] [ ] 23)
da ldp/da; do/da, vsap/ai —vs/aj a 1

Also, if need be, the usual linear parameter § and its variance estimate Vg can be recovered from
the standardized linear parameter a and its variance estimate 1/,. These are

_ bO _ Ao _alvm/vs]
p= [b1] B [ a,/vs 24)
and
d,Bt dp
= .y .— 25
Ve da ¢ da’ (25)
where

aB _ [dbo/dayg dbl/dao] _[ 0 ]_i[ Vg 0] (26)
da_ dbo/dal dbl/dal o _vm/vs 1/175 _vS —vm 1 )

6. Confidence Intervals

First, consider velocity confidence intervals on v, for fixed probability of penetration p (see
figure 1). The response function gives probability of penetration at velocity v,

Go(v) = G, (%) where 0 = ['Z ] @n

The nominal point estimate of v, the velocity at which the probability of penetration is p, is
expressed in terms of the quantile function Q = G~ as

=Qo(p) =u+0Q,(p) = KO, where K=[1 Q,(p)]. (28)
Confidence intervals are calculated from the estimator distribution 8 ~ N,(My, Vy). So

K6 = N(KMg,KVyK"). (29)



Figure 1. Estimate and normal theory v,, confidence intervals.

Since KO ~ KMy + \/KVgKt - Z with Z ~ N(0,1), it follows that a 100(1 — a)% two-sided
confidence interval on v, is given in the usual manner by

[KMQ — JKVpKt - Zi_qj2 and KMg + /KVgK* - Zl—a/Z]' (30)

The quantile point Z, of the standard normal distribution satisfies Pr[Z < Z,] = q.

It is also possible to calculate confidence intervals on the probability of penetration p for fixed
velocity v (see figure 2). Start with the linear parameterization of the response

Gg(v) = Go(by + byv) = G,(KB), where K=[1 v] and f= [ZZ] (31)

Confidence intervals are calculated from the estimator distribution g ~ N,(Mg, V). So

KB = N(KMg,KVsK*). (32)



Since KB ~ KMp + /KVgK* - Z where, again, Z ~ N(0,1), it follows that a 100(1 — a)% two-
sided confidence interval on p is given by

G, KMy — |KVsKt-Zy_o)n) and G, (KMg + [KVKt-Zy_o)s |-
B B / B B / (33)

Figure 2. Estimate and normal theory p confidence intervals.

7. Hypothesis Testing

The theory of appendix B provides a means for hypothesis tests on response curve parameters,
and, in particular, for comparing vs, estimates against each other.

The quadratic forms derived from asymptotic normal distributions of maximum likelihood
estimators are known as Wald’s Statistics, and the tests are called Wald’s Tests.



Suppose that n experiments and have given n response curve parameter estimates {8;:i = 1, ..., n}
with, for example, the probit (cumulative normal) response function in terms of the usual

. ~ m; . :

location-scale parameter 6 = [g] where 6; = [S,L]. So the model for the response is cumulative
l

normal with mean p and standard deviation o.

Since the mean is the median, u = vs,. The other parameter o characterized the steepness of the

response curve. Inferences about the parameters are inferences about v, and the steepness of
the response. So there are n sets of estimates and their covariance matrices. Fori =1, ...,n,

A My 5 Vi1 Viiz
0 = [Si] and Vi = [Vilz Vizz]' (34)
In terms of appendix B,
0, 7 0
X=|:| and V= , (35)
0, 0 74

and the test is constructed by choosing K (called a contrast matrix in this context) to compare
certain elements of X.

Hy:KX =0and H: KX # 0. (36)
The test statistic is the associated quadratic form
S = (KX)'(KVKY)1KX. (37)
Under the null hypothesis, the distribution of S is central chi-square
S~ xr (38)
and the alternative distribution with true parameter value & = M is noncentral chi-square
S~ Xrs (39)

where r = rank K and the noncentrality parameter is § = (KM)*(KVK!)"1KM.

Note: Any random variable Z has cumulative distribution function (cdf) F,(t) = Pr[Z < t] and
quantile function Q;(u) = inf {x: F;(x) = u}.

A test with type | error (probability of rejecting a true H,) equal to « has critical value S,, where



a= Pr[S >S5, Hy], (40)

since large values of S are significant, and S exceeds S, with H,-probability @. Thus, the critical
value is given by

SO = QX12" (1 - C(). (41)
Based on the observed value $ of S, the p-value of an experiment is
p=Pr[S>S|Hy] =1—F,(S). (42)

The decision rule is to reject Hy if $ > S,, or, equivalently, if p < a.

For a fixed alternative 86 = M with KM =+ 0, the type Il error S is the probability of not rejecting
the null hypothesis H, under H,, when H, is false,

B=PrlS<SyIH]=Fpz (S)=Fgz, (ng(l - a)). (43)
The power q of the test is the probability of detecting the alternative,
q=1-f=1-Fp (S)=1-Fp (QX;(1—a)). (44)

Illustrations of specific tests follow. The test for vs, equality is

Ho: py = pp and Hy: py # po. (45)
The contrast is
K=[1 0 -1 0 -] (46)
Then
KX=m;—m, and KVK'=v;y;+ vy, (47)

and the quadratic form test statistic is

(my —my)?
S=———"—~ 4l (48)

Vi11 + V211

Under the alternative hypothesis with true difference in mean u; — u, = A, the test statistic has
the noncentral chi-square distribution



S~ Xis (49)

where

= (50)

Vg Ve
and the test has power
g=1-F=1-Fp (S)=1-Fp, (QX%(l—a)). (51)
To compare response curves for location and scale, test
Hy: (uq, 01) = (42, 02) and Hy: (g, 01) # (U3, 02) (52)
and use the contrast

K = 1 0 -1 0 ]

“lo1 o0 -1 (53)
The test statistic S is y2, with d,, = m; — m, and d; = s; — s,

g = d? (V111 — V211) — 2dsdy (V112 — Vp12) + drzn(v122 — V222) 54
(V111 — V211) 122 — V222) — (V112 + V212)? . (54)

To compare four vs, estimates, one can safely discard the ¢ information and use v; = v;; in

my v, 0 0 O
X = 22 and V = 8 162 1?3 8 : (55)
my 0 0 0 v,
Tests for pairwise comparisons are as those just presented.
Ho: py = pjand Hy:py # pj (56)

where

10



2
S:(mi—mj) 2

V; + Uj At (57)
To compare all four vg, estimates,
Ho: (Vi,j) py = pjand Hy: (3L, ug # uj. (58)
Use
1 -1 0 0
K=|1 0 -1 0O ] (59)
1 0 0 -1
or, equivalently,
1 -1 0 0
K=10 1 -1 0} (60)
0 0 1 -1

Both give the same S ~ y2. The explicit form is tedious, but reasonable software works directly
with the matrices anyway.

To compare the first against the mean of the other three,
Ho:py = (U2 + p3 + pg)/3and Hy:py # (p + ps + 1) /3, (61)

use
K=[B -1 -1 -1]. (62)

Then S ~ x2.

8. Computation

A historical implementation of quantal response computation has been documented by McKaig
and Thomas.? The original computations involved were derived from first principles. (See, for
example, DARCOM P 706-103.%) The code (written in FORTRAN) must be compiled for use on
each particular platform.The modern approach in this report uses GLM explicitly. (See appendix E
for details on Maximum Likelihood Estimation (MLE) for the GLM.) This technique provides
computationally stable solutions for polynomial type models by iterated systems of linear

2McKaig, A. E.; Thomas, J. M. Likelihood Program for Sequential Testing Documentation; ARBRL-TR-02481; U.S. Army
Ballistics Research Laboratory: Aberdeen Proving Ground, MD, 1983.

3DARCOM-P 706-103. Engineering Design Handbook: Selected Topics in Experimental Statistics with Army Applications;
DARCOM pamphlet, U.S. Army Materiel Development and Readiness Command, 1983.
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equations. GLM also provides diagnostics and estimator distributions required for inference.
Furthermore, written in Java, the same code runs on Windows, Linux, and Mac OS X.

GLM estimation is implemented by iterative reweighted least squares (IRLS) maximization of
the deviance function (which is linearly related to the log likelihood). For the natural link, in this
case logit, IRLS is equivalent to the Newton-Raphson method of solving the MLE score equation

L'B)=0, (63)

where £ = —log L. The estimator sequence {#;:i = 0,1,2 ... } begins with an intial guess f,.
Subsequent elements are generated by solution of the linear differential approximation

L'(B) + Biyr — BIL"(B) = 0. (64)

For the other links, IRLS is equivalent to Fisher scoring, another method for obtaining the MLE,
in which the Hessian matrix £ is replaced by its expected value

L'(Bi) + (Bivr — B EIL"(BD] = 0. (65)

In all cases, some stopping rule determines termination of the estimation sequence.

12



This stripped-down Java program illustrates the Fisher update algorithm computation for the
logistic model. The linear parameter estimate is b, and the information matrix is M in the code.

L7777 7000777770777 777 70777777 777777777777777777777777777777777
// QrDemo.java
import static java.lang.Math.*;
public class QrDemo f{
public QrDemo (int n, double[] x, int[] y) ({

double d, dev, dev0=Double.POSITIVE INFINITY, v, w, A[]={0, 0},

M[]1[]={{0,0},{0,0}}, mul[]=new dguble[n], eta[]=new double[n], b[]={0,0};
for (int iterations = 1; iterations <= 64; iterations++) {
dev = 0;
for (int i = 0; i < n; i++) {
eta[i] = b[0] + b[1] * x[i];
mul[i] = 1/ (l+exp(-etalil));
dev += y[i] == 1 ? log(mu[i]) : log(l-muf[i]);
}
dev *= -=-2;
System.out.printf ("%$2d: dev = %23.16e , b[] = (%23.16e, %23.16e)\n",

iterations, dev, b[0], b[1l]);

if (abs((dev0-dev)/dev) < le-16) { break; }

dev0 = dev;
A[O] = A[1l] = M[O][O] = M[O][1] = M[1][0] = M[1][1l] = O;
for (int 1 = 0; 1 < n; 1i++) {
v =mul[i] * (1 - mul[i]);
w = y[i] - mul[i];
A[0] += w;
A[l] 4= w * x[1];
M[O][0] += v;
M[O] [1] += v * x[1];
M[1][1] 4= v * x[i] * x[1];
}
d = M[O][O]*M[1][1] - M[O][1]*M[O][1];
b[0 = ( A[0]*M[1][1] - A[1]*M[O][1] ) / d;
b[1] += (- A[0]*M[O0][1] + A[1]*M[O0][0] ) / d;
}
System.out.printf ("b[] = (%1.5f %1.5f)\n", b[0] , b[l]);
}
public static void main(String args([]) {
int n=10;
double x[] = { 2620, 2667, 2717, 2718, 2721, 2724, 2744, 2811, 2840, 3020};
int Y[] = { OI OI OI OI 1/ 1/ OI 1/ 1/ 1};

new QrDemo (n, x, Vy);

}
L1177 7007777777777 777777777777 77 7777777777 777777777777777

13



Compiling and running the program exposes the deviance convergence and estimator sequence.

$ javac QrDemo.java

$ java QrDemo

1: dev = 1.3862943611198906e+01 , b[] = ( 0.0000000000000000e+00, 0.0000000000000000e+00)
2: dev = 9.4193618456986190e+00 , b[] = (-3.2157347386093360e+01, 1.1658816396959381e-02)
3: dev = 8.1337185880127830e+00 , b[] = (-5.9172217539474130e+01, 2.1560777823503036e-02)
4: dev = 7.6605066309287860e+00 , b[] = (-8.6314382350221580e+01, 3.1517928280382454e-02)
5: dev = 7.5662084690745290e+00 , b[] = (-1.0466244931233070e+02, 3.8253780626049190e-02)
6: dev = 7.5591586884309470e+00 , b[] = (-1.1142261623953550e+02, 4.0736192959547696e-02)
7: dev = 7.5590975468338840e+00 , b[] = (-1.1213096248281227e+02, 4.0996302051673934e-02)
8: dev = 7.5590975412867530e+00 , b[] = (-1.1213779766541855e+02, 4.0998811895006204e-02)
9: dev = 7.5590975412867560e+00 , b[] = (-1.1213779829230498e+02, 4.0998812125193504e-02)
10: dev = 7.5590975412867385e+00 , b[] = (-1.1213779829230472e+02, 4.0998812125193410e-02)
11: dev = 7.5590975412867440e+00 , b[] = (-1.1213779829230428e+02, 4.0998812125193250e-02)
12: dev = 7.5590975412867530e+00 , b[] = (-1.1213779829230556e+02, 4.0998812125193710e-02)
13: dev = 7.5590975412867530e+00 , b[] = (-1.1213779829230532e+02, 4.0998812125193630e-02)
b[] = (-112.13780 0.04100)

9. Applications

The code can be extended to compute parameter, variance, and correlation estimates for different
parameterizations and display the results along with a Lower Confidence Bound (LCB) on the
vso. This example implements the logit link with Fisher scoring optimization, using data with
stimulus (velocity) in the first column and response (penetration) in the second column:

600.000
579.500
580.400
616.400
626.200
627.000
599.800
614.900
613.100
575.000

OFrRrPFPORFRr P OOOLR

In practice, one works with the standardized predictor u and linear parametera[] = a =
(aq, a,) of section 5 and computes its variance va= V, and correlation Ra.

all = (-0.19415, 2.2279), va = ( 0.88564, -0.35817, . , 1.7373),
Ra = -0.28876

Transformations provide the usual linear and location-scale parameterizations b [ ] = 8 and
ms []=(mu, sg) = 6 and their variances Vb = Vg and vms = Vjy and correlations.

b[] = ( -73.045, 0.12077), Vb = ( 1881.9, -3.0988, . , 0.0051048),

14



Rb = -0.99978

ms[] = ( 604.84, 8.2804), Vms = ( 57.348, -6.3638, . , 23.998),
Rms = -0.17154
Logit Response Parameters: ( mu , sg ) = ( 604.84 , 8.2804 )

The location-scale version is required for confidence bounds on v, since its standard deviation
comes from V. The standard normal 95% quantile z 95 =1.645 gives a 95% LCB on vsy.

604.84
7.5728

V50 estimate = mu
V50 standard deviation SD.mu

95% LCB on V50 = mu - SD.mu*Z 95 = 592.38

Computations must take place in one of the linear versions, and the standardized version avoids
numerical problems caused by collinearity, as indicated by the extreme correlation Rb of the raw
linear version.

LangMod (Collins and Moss?) is a Java GUI implementation of a modified Langlie sequential
strategy for quantal response testing. LangMod has been used to support various customer and
research programs for testing personal protective equipment as well as ground and aircraft
targets. LangMod incorporates (among other things) the logistic regression calculations
developed in this report and displays QR calculation results and a graph of the data and response
function estimate as shown in figure 3.

4Collins, J.; Moss, L. LangMod Users Manual; ARL-TN-437; U.S. Army Research Laboratory: Aberdeen Proving Ground,
MD, 2011.

15



quantal response (logit)

1.0 Q “5 ®»

G40

|@rr @ P — zmr —Fi @ mu 383 4 S0

Figure 3. Quantal response from LangMod.

Similar capabilities are implemented in a local S-PLUS library, 1ibv50, which has been used
in support of various projects (see, for example, Collins et al.%). This library uses the native
S-PLUS GLM computations. For example, in S-PLUS, the GLM computation can be
implemented as

fit <- gIlm(x~v, family=binomial (link=logit), data=z)

where the data frame z contains stimulus velocity v and response penetration x € {0,1}. Then,
glm returns model coefficient estimates 5 = (b, b;) in fit$coefficients and estimated
parameter variance matrix Vg in summary (fit)$cov.unscaled. The library implements the
reparameterization, hypothesis testing, and confidence interval procedures outlined in this report.
The computations and graphics for figures 1 and 2 were generated by 1ibv50.

5Collins, J., et al. Sensitivity of Mounting Methods or the Outer Tactical Vest and Shoot Pack Ballistic Limit, Phase I:
Current Mounting Methods; ARL-TR-4116; U.S. Army Research Laboratory: Aberdeen Proving Ground, MD, 2007.
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Appendix A. Vector Function Conventions

A.1 Notation

Vectors are columns. With x € R",

and if £: R™ - Rk, then f(x) € R¥ and

f1(x) f1(xq,
flx) = Ifz(x)‘ — f2 (x4,

ktx)

If Aisann x k matrix, the a;; denotes the element in

fk(xll.

(A-1)
ey X))
, Xn) _ (A2)
ey Xp)

row i and column j. The transpose of A4,

B =A", (A-3)
isa k X n matrix and has b;; = aj;.
A.2 Inner Products and Norms
The usual inner product is
n
(x,y) =xty = Z XiVi, (A-4)
i=1
and a weighted inner product is
n n
(X, y)w =x"Wy = Z z XiWijYj- (A-5)
i=1 j=1
The associated (squared) norms are
n
Iell? = (,x) = xtx = ) 27 (A6)
i=1
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and

n n

lxllfy = x*Wx = Zz XiWijX;. (A7)
i=1 j=1
In the event that W is a diagonal matrix,
n
(X, y)w = x"Wy = Z XiWiiYi s (A-8)
i=1
and
n
Il = (e oxhy = ) wxi® (A-9)
i=1

A.3 Derivatives

The derivative of f is the n X k matrix function in which column j is the derivative df;/dx of
the coordinate j scalar field f;. So the element in row i and column j is df;/dx;, and the

derivative is

dfy dfy | dfi
dx; dx; dx;

d ah df o dk

L f 0= dx, dx,  di| (A-10)
o de e
ldx,, dx, dx,]

In particular, the derivative of a scalar field f: R® — R is a column vector
dx,
df | 4L
dr d?cz : (A-11)
df

Ldx,, ]

The linearization of f at x,, is
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flxo +68) = fxo) + (%f(x@) )

If £: R™ — R¥ is given by a linear transformation with k x n matrix 4,

ay;; Qi
FOx) = Ax = z1 Az
A1 Qg2

Then the derivative is the n X k matrix

a;; 4
ﬂ_ A1z Az
dx | '
A1n  don

and f(x, +6) = f(x,) + Ad, as expected.

fxX)=xtA=[x1 X2 - Xy
Then the derivative is the n x k matrix
a1 Agp
ﬂ _ az1 Ay
dx
anl anz

1a11x11
| It 1a21xj|.
n
Z lak]x]

231
a{cz _ At
. )
Akn
n

a2 Q1] [Zi=1Xii ]
Az Aok | _ |Z?=1xla12|
A2 Ank lZ?zlxlalkJ

A1k

Aok | A

Ank

So derivatives of inner products and (squared) norms are

dx

d
a(x, Y)w =Wy and

dx

d
(x;Y> - a(’yﬁx) =y
d
a()’»ww = Wty'

d
— lxI* = 2x,
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d
T lxll® = W + Wi, (A-20)
and

d 2 N
2 —allw”™ =W+ WHGx —a). (A-21)

Some second derivatives are
2

dxxt

l|x||? = 21 (A-22)

and

dZ
dxxt

lxllw® = W + Wt (A-23)

A.4 The Chain Rule

If x itself is a function with x: R™ — R", write x = x(u) € R" for u € R™.

49; _yn 4fjdxp for

Then g = f o x: R*m — R¥ and the elements of the m x k matrix 29 are p=1
du du; dxp du;

i=1,..,mandj=1,..,k. So,the derivative of g is

il o dfdy s
dxpdul dxpdul 1dxpdu1
p:
n
g |S St N dhdy N dfds
du_ = dxp du, = dxp du, pzldxp du,
n ) n :
%dﬁ dfz Dy N Y A
wzldxpdum — dxpdum pzldxpdum_
dx dv duq(dh dh | dfi
du, du, du, dx; dx; dx;
dy dxp @ dh 4 Al gy odf )
=\ldu, du, duy, [ |dx, dx, dx, | = Tu dx (A-24)
du dx, o da | |dhodf o df
ldu,, duy, duy,l ldx, dx, dx,]
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Thus follows the chain rule for vector fields

d d d
Ef(x(u)) = @x(u) 'af(x)pc:x(u)- (A-25)

-1
In particular, with x = f~* and f(x(u)) = u, then % =T and d%f_l(u) = (% f(x))

x=f_1(u).
Simply write ar_ &= & \wvhen fis a function of x, Which is, in turn, a function of u and write
P 1 du du dx
% = (g) , in general.
For example,
d 2 d t t t
Tx IBx|ly, = E(Bx) -(W+WHBx = B*(W + W")Bx, (A-26)
and
d 2 d t t t
P IBx + alljy = a(Bx) -(W+WH(Bx+a)=B*"(W+W")(Bx + a). (A-27)
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Appendix B. Multivariate Normal Distribution and Quadratic Forms

B.1 Normal Distribution

The vector
X1
xn
has the multivariate normal distribution
X ~N,(M,V), (B-2)
with mean vector
my
M =[ 5 ] (B-3)
mn
and covariance matrix
Vi1 " Vin
V= : (B-4)
Vni " VUnn

when each x; is normally distributed with mean m; and variance v;; so that x; ~ N(m;, v;;) and
the x; are related by Cov(x;, x;) = v;;. S0, EX = M and VarX =E[(X - M)(X — M)"] = V.

The probability density function (pdf) of X is f(x), where
2 n/2 14 1/2 — 1 M tv—l M| = 1 M 2
Cm)MEWVIEf G = exp | =2 (x = M)V (x — M)| = exp | == [lx = Mlly|. (B-5)

In particular, the x; are independent if V' is a diagonal matrix. If V = vI where I is the identity
matrix, then all x; have the same variance v. If V = I, then all x; have unit variance. If,
additionally, M = 0, then the x; are independent standard normal N(0,1).

For any n-vector 4,

aq
: ] : (B-6)

X has the translation property
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X+A~N,(M+AYV). (B-7)

For any linear transformation K: R™ - R",

ey kel &9
the distribution of KX is
KX ~ N.(KM,KVK?Y). (B-9)

Useful conditions are that V' is nonsingular (positive-definite) and that r < n and rank K = r, so
that KVK® is also nonsingular (positive-definite).

B.2 The Quadratic Form

Associated with each nondegenerate multivariate normal X is a standard quadratic form which
has a central y? distribution. Any symmetric positive-definite square matrix V has a “square
root” U which can be obtained through Choleski, singular value, or spectral decomposition
where V = UUt. Then the inverse W = V=1 can be written as W = T*T where T = U~1. Now
if X ~N,(M,V),thenX — M ~ N, (0,V)and Z =T(X — M) ~ N,,(0,TVT?). Since

TVTt = TUU'T! = I, it follows that Z ~ N,,(0, 1), and the elements of Z are iid N(0,1), so

n

ZZL-Z = ZtZ ~ ){721, (B-lO)

i=1
which is chi-squared with n degrees of freedom. In terms of matrices,
77 =(T(X - M))tT(X —M)=(X—-MTT (X - M)
=X -M'WX-M)=X-MV(X-M) (B-11)
is the quadratic form associated with X ~ N,,(M, V). It has the chi-squared distribution
Z'Z=X-MVIX-M) ~ xz (B-12)

with n degrees of freedom.

There is also a noncentral quadratic form associated with X. Suppose now that
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Y =TX ~ N,(TM,I) (B-13)
and let
[dll
T™M = | ¢ |. B-14
" (B-14)
The y; are independent normal N(d;, 1), and
n
z Vi~ Xins - (B-15)
i=1
This is a noncentral chi-squared distribution with noncentrality parameter
n n
8= Z df = Z Ely:]*. (B-16)
i=1 i=1

In the literature, the noncentrality parameter is variously considered to be & or §/2 or V6.

Anyway,
n
Zyiz =YY = (TX)'TX = X'T'T X = X'WX = X'V 1X. (B-17)
i=1
Furthermore,
n
5= Z d? = (TM)'TM = M'T*TM = M'V M. (B-18)
i=1

So the noncentral quadratic form associated with X ~ N,,(M, V) is
YYY = XV ~ x2 e (B-19)

which has the noncentral chi-square distribution with n degrees of freedom and noncentrality
parameter § = MtV~1M.

It is possible to combine transformations and quadratic forms. Start with
X ~ N,(M, V). (B-20)

The transformed centered vector is
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K(X — M) ~ N.(0,KVK"), (B-21)
and its quadratic form is
[K(X — M)]*(KVK")T K (X — M)] ~ x?. (B-22)
The transformed (uncentered) vector is
KX ~ N.(KM,KVK") , (B-23)
and its quadratic form is

t ty-1 2
(KX)*(KVK®)™ KX Xr,(KM)t(KVKt)_lKM’ (B-24)

which is noncentral chi-square with r degreed of freedom and noncentrality parameter

5§ = (KM)Y(KVKY)"1KM. (B-25)
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Appendix C. Maximum Likelihood Estimator Distributions

In general, the joint density (likelihood) L of a sample {X;}/=; depends on a k-dimensional
parameter Y = (Y, ..., Px), as

L(Xqy, ..., X3 Y). (C-1)
The log likelihood is denoted £ = log L. A maximum likelihood estimator 1 of 1 satisfies
Y = argmax L(y) = arg max L(). (C-2)

The k x k Fisher Information Matrix for the entire sample

M. E (dL) (dﬁ)t
Y= dy dy (C-3)
has inverse
Vy = My (C-4)
The asymptotic distribution of the MLE is

V(P — ) - Ne(0,nVy) as n - oo
W~ Ni(, V). (C-5)

If the samples are independent, then the likelihood is

L= [reo. (C-6)
i=1
Its logarithm is
L=loglL = Z log f;(X:), (C-7)
i=1

and the derivative is
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L~ d
- ¥ ——log fi(Xy). (C-8)

i=

The outer product is

(8. (80Y = 3" (&g 00 (s )

i=1

t

+Z(—logfl(X)) ( l/)logfj(X)) (C-9)
%]

As the samples are independent, the information matrix M, is

e|(5) (5 | = 2 (s 1o8000)- (35 10870) |

+Z [(du;logﬁ(x )] l ——log f;(X; ))l (C-10)

i#j
and since

E[%logf]= %%]Ejdw dz/;ff__l_o (C-11)

the information for the entire sample is

My = z Mi, (C-12)

where M; is the information matrix for a single observation

M, = [( d‘fp log £, (X; )) ( G5 08 X, ))tl (C-13)

Furthermore, if the samples are identically distributed, then M,, = nM,,, where
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M, =E l(%logf (Xo)) : (%logf (Xo)>tl- (C-14)

In this case, with V, = M;*, the variance is V,, = Mlgl =n"tM;! = n"1V,, and for an iid
sample, the result is the usual

V(i — ) - N(0,V,) as n-— oo
l/; ~ Nk(lp; n_l%). (C-15)
Now consider another parameterization ¢. The chain rule gives

dL _d¢dc

TR (€10

so the information matrix transformation is

t
= |(@y) (@) |

t t
-5 G) @) &
dp  d¢t

The chain rule also gives the inverse of a derivative matrix as the derivative of the inverse
function, so

-1
B d¢t _ d¢ -1
1= L st C-18
My ( ) ) My ( - ¢) , (C-18)
and the corresponding variance transformation is

dy’, dy (C-19)
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Appendix D. The Linear Model

D.1 The Basic Model

The usual linear model is
Y=X(+e¢€, (D-1)

where Y is ann X 1 response, X is an n X p independent matrix, § isap X 1 parameter, and the
nx 1errore ~ N(0,0%L,). SOEY = XB and VarY = ¢?2I,. Each column of X is a linear
predictor, and the model is

P
yi = ;Xijﬁj- (D-2)

One works with the p-parameter model for a single predictor v by choosing a set of fixed basis
functions {f;, ..., f,} and setting X;; = f;(v;).

p
Vi = z Bifi (). (D-3)

For example, choice of f;(v) = v/~* gives the polynomial model

Y = Bo+ Brv + ov? + -+ fp_qvP L (D-4)

(See equation B-5 in appendix B.) Solution by least squares is equivalent to maximum
likelihood for normal error, and the criterion is to choose u that minimizes Q = ete = ||€]|?
= ||y — XB||? since e = Y — XpB. This is

Q = lIYII> — 28%X'Y + |IXBII%. (D-5)
The solution follows from setting the derivative to 0,

d—Q— —2X'Y +2X'XB =0
dﬁ_ ﬁ_ ) (D'G)

to obtain the normal equations
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X'XB = XY (D-7)

with solution
B =X XY (D-8)
and response estimate
Y = HY, (D-9)
where the so-called hat matrix is
H=XXX)"'xt. (D-10)

Note that E 8 = B and Var § = a2(X*X) ™.

Modern software for linear least-squares estimation operates on equation D-7 through the
response vector Y and the design matrix X. The normal equations are solved efficiently without
inverting the design matrix, and software provides parameter estimates and diagnostics such as
the parameter variance and hat matrix diagonal.

D.2 The Weighted Model

When the error is N (0, X), the correct inner product is weighted by the symmetric W = £71, so
Q =e'We = |lellé, = lIY — XBll%,. Thisis

Q = lIYIlfy — 28°X*'WY + IXBIly- (D-11)
Then
Q = —2X'WY + 2X'WXpB = 0. (D-12)
dp
The normal equation is
XTWXB = Xtwy. (D-13)
The solution is
g = (Xtwx)“1Xtwy, (D-14)

and the response estimate is ¥ = HY, where

32



H=XXWwWxX)"xtw. (D-15)

Note that E 8 = B and Var § = (X'WX)~ L.

Modern software for linear least-squares estimation operates on equation D-13 through the
response vector Y, the weight vector W, and the design matrix X. The normal equations are
solved efficiently without inverting the design matrix, and software provides parameter estimates
and diagnostics such as the parameter variance and hat matrix diagonal.

Note that for these models, the likelihood function is

L(B) = @m) 2 IWIY2 exp [-3 IIY — XBII% |- (D-16)
Its log derivative is
d
ap o8 LB) =X W - XB), (D-17)

and the information matrix is
Mﬁ = X'WX. (D-18)
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Appendix E. The Generalized Linear Model

E.1 Model Formulation

In the Generalized Linear Model (GLM), the response Y has an arbitrary distribution, n = Xf is
a linear function of the k-dimensional parameter £, and the mean response is modeled as

p=E[Y|X]=G(n) (E-1)
for some monotone link function G with derivative g = G'. (Some authors call G~ the link.)

Response distributions are taken to be from a single-parameter exponential family, with the form

b(6)

f(y,H,t/J)=eXpl 2w +c(y t/J)l (E-2)

The parameter® is to be estimated, and y is a nuisance parameter.
With £ = log f, calculate the moments of Y in terms of exponential family components.
d
B[00 =0 (E-3)

because [ f(y,8,¥)dy = 1, and under suitable regularity conditions, 0 = %ff(y, 6,¥)dy
= f%f(y, 0,¢9)dy = f%{’(y, 0,v) - f(y,0,¢¥)dy. Therefore, E[(y — b'(6))/a(y)] = 0, and

E[Y] =pu=G(m) =Db'(6). (E-4)

Also, as usual,
d 2
E [(def(y,e W) ] =—E [dezay, e,w)]

d d 2 d 2 d d d o
becauseVar[£€]=E[£ ]=f — ) fdy=f5£%fdy25{)f_
fdezf fdy=- [dezf] (E-5)

Therefore, E[(y — 1)?/a()?] = —E[-b"(8)/a(¥)], and
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VarY = v(p)a(y) = b"(0)a(¥), (E-6)

where v() = Var[¥1/a@) = b"(0) = g(n) 35

In the case that n = 6, and hence u = G(n) = G(0), G is called the canonical link function.
Then = b"(68) = G(6) = G(n) and v(p) = b"(0) = g(6) = g(n).

E.2 Estimation

Let [x1 - Xxn] = X¢, so the (column) vector x; is row i of X, n; = x{B, and 6; = ().

Maximum likelihood estimation for the GLM is accomplished by maximizing the log likelihood
function

L= Zn:f(yi: 0, ¢9) = zn: [3’1‘9%1;)(91) + C()’iﬂ/’)]- (E-7)

i=

This is a weighted least-squared problem where the design and weight depend on the unknown
parameter, and it can be solved iteratively by the Newton-Raphson method.

The Newton-Raphson Method

In one dimension, a zero of F is obtained by linearizing and updating the current argument x,, to
x, solving F(x,) + (x — x,)F'(x,) = 0togetx = x, — F(x,)/F'(x,). Optimize F by setting
F'" =0, so the update is x = x, — F'(x,)/F" (x,).

5 -1
The vector version is x = x, — [ ixt F(xo)] :_xF(xO)' Taking x = x, + &, the increment
d2

dxxt

d

& = x — x, satisfies [ F(xo)] 6= —:—xF(xo). Some derivatives are required.

Gradient

Differentiating gives the gradient (vector of first derivatives)

n

dr do,
D) = g5 =a@)™ ) i~ b6 (E-8)

a4, b~ d6; ae; a,, du; _ d d
Since 22 b 0)=0»b (91')@ = v(ﬂi)ﬁand T 6,) = ﬁ = EG(TH) = EG(xf,B)

= g(m)x;, then

36



a6; _ gy
g~ v(u) " (E-9)

So the gradient is

g(m)

D(F) = a()™! Z(yl 1O o

a(@)™ - X' WUy, (E-10)

where, for i = 1, ..., n, the diagonal weight matrix Wzhas elements wg; = g(1;)"2/v(u;),

9(m1) 9mn)?
W, = diag [U(#l) - 2] (E-11)

and the centered/scaled response vector Uy has elements ugz; = (v; — 1;)/9 (M),

Yi— Yn — HUn
o= 9 g | (E-12)
Hessian
Using 72 v(u) = v' (1) 7 G (x{B) = v' (k) g (xfg )i,
ddz 6, - g m)v(u) — gz(m)zv’(ui) vl (E.13
BB v(u)
and the Hessian (matrix of second derivatives) is
1) = gt = NEDY @ T+ = g0
et Z I_M . O g'(m)v(uil)] &lggmw(ui)l s
=a(P)" XTWyX, (E-14)
where
Wy = Wy = Wp, (E-15)

and W, is a diagonal matrix with diagonal elements
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_ 9' m)v(u) — gm)*v' (u)
wpi = (Vi — i) (1) . (E-16)

Since E[Wp] = 0, the expected value of the Hessian is

EH(B) = —a() ™" X WeKX. (E-17)

The Fisher Information Matrix is

d d t dz -1 t
Mg =E [—L —L ] = —E lwﬁl = —EH(B) = —a@)™t XWX, (E-18)

and the asymptotic estimator distribution is N, (8, a(y) - (X*WX )™1).
Newton-Raphson

Now, apply the Newton-Raphson algorithm iteratively to solve the optimization.

For GLM, the Newton-Raphson update is g = S, + &8, where

}[(ﬁo) = _D(ﬁo)
(XtWNX)5 = XtWFUF

(XTWyX)8 = X Wy Wy ' WeUr (E-19)
(XtWNX)6 == XtWNUN
with
Uy = Wy ' WrUp. (E-20)

These are the normal equations for minimization of Q = [|Uy — X6||5,,N. Both Wy and Uy

depend on ,. The normal equations can be solved iteratively with an initial guess S, by
calculatingn = XB,, u=G6GM), g, 9", v, v', Wg, Ug, Wy, Wy, and Uy. Then solve for §. The
updated solution is g = S, + 6. Now replace S, with 8, and repeat. This is iteratively
reweighted least squares with Newton-Raphson update.

Fisher Scoring

For the GLM, the Fisher Scoring update uses E H in place of H to get
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EH(B,)8 = —D(B,) and (X WpX)8 = X WrUp, (E-21)

which are the normal equations for Q = ||Ur — Xdllﬁ,F. Both Wy and U depend on ,. The
normal equations can be solved iteratively with an initial guess g, by calculating n = X,
u==GMm)),g,v, Wg,and Ur. Then solve for §, update, and repeat. This is iteratively reweighted
least squares with Fisher scoring.

E.3 Canonical Link

For the canonical link, wg; = g(;) = v(u;) and ug; = (y; — u;) /wg;. Also, since d6;/dp = x;
and d?6; /dBBt = 0, it follows that EH (B) = H(B). So Newton-Raphson and Fisher scoring
are equivalent.

E.4 Confidence Intervals

Normal-approximation 100y% confidence intervals on the mean response are given by
G(xB + ®1_(1-y)/2Vx V), (E-22)

where @ is a standard normal quantile, V' is the estimated parameter variance matrix, and x is a
row of an X matrix corresponding to the desired level. For the basis implementation, this is

x = (A, . f,)). (E-23)

E.5 Bernoulli Response
Suppose the response Y € {0,1} is Bernoulli with Pr[Y = 1] = u =1 —Pr[Y = 0]. The
Bernoulli probability is

f() =p(1— Y =exp [yloglf—u + log(1 — ,u)], (E-24)

soa = 1, ¢ = 0, and there is no nuisance parameter. Furthermore, 6 = log(y/(l - M)) and
u=1/(1+e7%),andso b(8) = —log(1 — p) =log(1 + e?). Notethat EY = b'(9)
=ef/(1+e®)=pandVarY =v(u) =b"(0) =e?/(1+ e‘9)2 = u(1 — p) as expected.

Withn = 6 and u = G(0), the canonical link for Bernoulli response is seen to be the logistic cdf

Gm) =1/(1+e ") =p. Notethat g(n) = u(1 —w) = v(w), s0 wg; = w;(1 — ;) and
ur = (v; — )/ (1 (1 — wy)). The resulting model is logistic regression, or the logit model.

For an arbitrary link cdf G, take n = XB, u = G(XB), v(u) = u(1 —u),and g(n) = g(Xp).

Use of the standard normal cdf G = @ with pdf g = ¢ gives the probit model.
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Because the likelihood function is L = [Tw* - (1 — p;)* %4, it follows that Lg,, = 1 for the
Bernoulli model and the deviance is A = —2log L.

As an example, consider the usual two-parameter model with predictor (x4, ..., x,,) and response
(y1, > ¥n). Theincrement 6 = (d,, d,) is the solution of M§ = A, where

ZW,: Zwixi

M=X'WX =

and A=X'WU = [ 2wl ]

Zwiuixl- (E_25)

2
ZWixi ZWixi

To do the Fisher update of section E.2, calculate the linear response n; = b, + b;x;, mean
u; = G(n;), derivative g; = g(n;), variance v; = u; (1 — p;), transformed response u; = ug;
= (y; — u;)/g; weight w; = wg; = g2 /v;, and weighted transformed response w;u; = wg;lg;

= i — wdgi/vi.

For the Newton-Raphson update, wp; = (y; — ;) (giv; — g#v{)/v? and wy; = wg; — wp; and
W = uy; = Wri/wyi - (Vi — 1) /gi- Then wy = wy; and wiu; = wyuy; = Wrillp;.

For the canonical link w; = wg; = g; = v; and wju; = Wriup; = y; — Wi
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